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ON K-STABILITY AND THE VOLUME FUNCTIONS OF Q-FANO 

VARIETIES 

KENTO FUJITA 


Abstract. We introduce a new effective stability named “divisorial stability” for Fano 
manifolds which is weaker than K-stability and is stronger than slope stability along divisors. 
We show that we can test divisorial stability via the volume function. As a corollary, we 
prove that the first coordinate of the barycenter of the Okounkov body of the anticanonical 
divisor is not bigger than one for any Kahler-Einstein Fano manifold. In particular, for 
toric Fano manifolds, the existence of Kahler-Einstein metrics is equivalent to divisorial 
semistability. Moreover, we find many non-Kahler-Einstein Fano manifolds of dimension 
three. 
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1. Introduction 

Let A be a Q-Fano variety, that is, a projective variety which has at most log-terminal 
singularities such that the anticanonical divisor —Kx of X is ample (Q-Cartier). If X 
is a Fano manifold (i.e., X is smooth), then it is known that the existence of Kahler- 
Einstein metrics is equivalent to K-polystability of the pair (A, —Kx) (see |Tia97( IDonOSt 
ICTlM imim IMab081 IMab091 IB^TT^ lODSlbal lODSlbbl lODSlbcl The notion of 

K-polystability is weaker then the notion of K-stability and is stronger than the notion 
of K-semistability. Our main interest is to test K-(semi)stability of the pair {X, —Kx)- 
(In this paper, we do not treat K-polystability.) However, in general, it is hard to test 
K-(semi)stability of the pair (A,—Ax). To overcome the difficulties, Ross and Thomas 
introduced the notion of slope stability in |RT07j . This is an epoch-making notion since 
we can easily calculate. In particular, slope stability of Fano manifolds along divisors is 
interpreted by the volume function (see |Fjtl5| ). However, unfortunately, slope stability is 
strictly weaker than K-stability. In fact, as in |PR091 Example 7.6], if A is the blowup of 
along distinct two points, then A is a toric Fano manifold and (A, —Kx) is not K-semistable, 
but (A, —Kx) is slope stable. 
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The purpose of this paper is to get a new necessary condition, called divisorial stability, of 
K-(semi)stability of the pair {X, —Kx) which is strictly sharper than slope (semi)stabihty 
along divisors (if X is smooth) and is easy to test. We quickly describe the key idea. We 
consider the case X is smooth for simplicity. For slope stability along a nonzero effective 
divisor D, we consider the following flag ideal 

Ox{-MD) + Ox{-{M - l)D)t^ + ■ ■ ■ + Oxi-D)t^-^ + (t^) C Ox^a^ 

for some M G Zi>o- For divisorial stability along D, we consider the flag ideal 

Im + lu-lt^ + • ■ ■ + Ilt^ ^ + (t^) C OxxAjj 

where each Ij C Ox is the base ideal of the sub linear system of the complete linear system 
I — rKx\ (for some r) associated to the embedding 

H\X, Ox{-rKx-jD)) C H\X, Ox{-rKx)) 

(see Section [3] in detail). The point is, despite each Ij is smaller than Ox{—jD), the as¬ 
sociated global sections are same. More precisely, as subspaces of H^{X,Ox{—rKx)), the 
following equality holds: 

H\X, Ox{-rKx - jD)) = H\X, Ox{-rKx) ■ /,). 

Thanks to this property, together with the hnite generation of certain section rings (due to 
[BCHMlT)] ). we can easily calculate the Donaldson-Futaki invariant of the semi test con- 
hguration (called the basic semi test configuration) obtained by the above flag ideal. The 
following definition is not the original definition but a consequence of a certain transforma¬ 
tion. 

Definition 1.1 (see Dehnition 13.51 Proposition 13.61 and Theorem 15.21) . Let X be a Q-Fano 
variety. 

(1) Let D be a nonzero effective Weil divisor on X. The pair (X, —Kx) is said to be 
divisorially stable (resp. divisorially semistable) along D if the value 

poo 

r]{D) := vo\x{-Kx) - / vo\xi-Kx - xD)dx 

Jo 

satishes that ri{D) > 0 (resp. ri{D) > 0), where volx is the volume function (see 
Dehnition 12.81) . 

(2) The pair (X, —Kx) is said to be divisorially stable (resp. divisorially semistable) 
if (X, —Kx) is divisorially stable (resp. divisorially semistable) along any nonzero 
effective Weil divisor. 

Divisorial (semi)stability is weaker than K-(semi)stability (see Remarks 13.71 and 19.4|) . 
Moreover, if X is smooth, then it is stronger than slope (semi)stability along divisors (see 
Corollary 18.21 fl2iip L Moreover, we show that divisorial semistability is equivalent to K- 
semistability if X is toric. 

Theorem 1.2 (see Corollary 16.3p . Let X be a toric Q-Fano variety and let P C Mr be the 
associated polytope {see Section\^. Then the pair (X, —Kx) is divisorially semistable if and 
only if the barycenter of P is equal to the origin. 

By the similar argument, we show that divisorial (semi)stabihty can be interpreted by a 
certain structure property of the Okounkov body of -Kx- We remark that the relationship 
between K-stability and Okounkov bodies has been already pointed out in |WN12j . 

Theorem 1.3 (see Theorem 17.ip . Let X be a Q-Fano variety of dimension n and 

Z,: X = Zq D Zi D ■ ■ ■ O Zn = {point} 

be an admissible flag in the sense of |LMn9l (1.1)]. Let A{—Kx) C M” be the Okounkov body 
of —Kx with respects to Z, in the sense of [LMn9] . If the pair (X, —Kx) is K-stable {resp. 




















K-STABILITY AND THE VOLUME FUNCTIONS 


3 


K-semistable), then the first coordinate hi of the barycenter of A{—Kx) satisfies that bi < 1 
{resp. bi <1). 

We also see that we can calculate the Donaldson-Futaki invariants of the basic semi test 
conhgurations via intersection numbers after we run certain minimal model program {MMP, 
in short) with scaling (see Section [S]). Thus divisorial (semi)stability is easy to test. In 
fact, we determine divisorial (semi)stabihty for all smooth X of dimension at most three 
(see Proposition 19.81 and Theorem llO.il) . As an immediate corollary, we hnd many (possibly 
non-toric) non-Kahler-Einstein Fano manifolds of dimension three. (We heavily depends on 
the classihcation result of Mori and Mukai |MM81] .) 

Theorem 1.4 (see Theorem I lO.lj) . Let X be a non-toric Fano manifold of dimension three. 
Assume that X belongs to one of the following list 

• No. 23, No. 28, No. 30 or No. 31 in Table 2 {p{X) = 2), 

• No. 14 , No. 16, No. 18, No. 21, No. 22, No. 23 or No. 24 in Table 3 (p(X) = 3), or 

• No. 5 or No. 8 in Table 4 {p{X) = 4) 

in |MM81j . Then the pair {X, —Kx) is not K-semistable. In particular, X does not admit 
Kabler-Einstein metrics. 

Remark 1.5. After the author wrote the article, the author found the results [SiislllHSlSj . 
It has been already known that some (but not all) of X in the list of Theorem 11.41 does not 
admit Kahler-Einstein metrics (see |Siisl41 Theorem 1.1] and [IS15( Theorem 6.1]). 

The article is organized as follows. In Section [2l we recall the notion of K-(semi)stability 
and geography of models. We also consider the volume function (and the restricted volume 
functions) of X for possibly non-M-Cartier divisors. In Section [31 we dehne the notion of 
divisorial stability. We construct the basic semi test conhguration from a nonzero effective 
Weil divisor. In Proposition |3S1 we see that we can calculate the Donaldson-Futaki invariant 
of basic semi test conhgurations via the growth of the sum of the dimension of certain global 
sections. In Section 01 we prove a kind of the asymptotic Riemann-Roch theorem in order to 
calculate the Donaldson-Futaki invariants of basic semi test conhgurations. Thanks to the 
argument in Section 01 we can rephrase divisorial (semi)stabihty in Section [5l In Section [6l 
we consider the case that X is toric. We see in Corollary 16.31 that if the barycenter of the 
associated polytope is not the origin, then (X, —Kx) is not divisorially semistable along some 
torus invariant prime divisor. As a corollary, for a non-K-semistable toric Q-Fano variety, 
we can explicitly construct a hag ideal such that the Donaldson-Futaki invariant of the semi 
test conhguration obtained by the hag ideal is strictly negative (see Examples 16.51 and 16.61) . 
In Section [71 by the similar argument in Section [6l we show that divisorial stability along 
prime divisors can be interpreted by the structure property of Okounkov bodies of —Kx (see 
Theorem 17.1[) . In Section [HI we rephrase the condition of divisorial (semi)stabihty via MMP 
with scaling. As a corollary, we see the relationship between divisorial (semi)stability and 
slope (semi)stability along divisors. In Section [9l we see some basic properties of divisorial 
stability. Moreover, we see some examples in order to prove Theorem 110.11 Finally, in 
Section [ini we determine divisorial (semi)stability for all Fano manifolds of dimension three. 

Acknowledgments. The author thank Doctor Yuji Odaka, who suggested him to write 
down Section [ini and Professor Torn Tsukioka and Doctor Kazunori Yasutake, who informed 
him the book |Mat95] . The author is partially supported by a JSPS Fellowship for Young 
Scientists. 

Throughout this paper, we work in the category of algebraic (separated and of hnite 
type) scheme over the complex number held C. A variety means a reduced and irreducible 
algebraic scheme. For the theory of minimal model program, we refer the readers to |KM98j . 
For a complete variety X, p{X) denotes the Picard number of X. For a normal projective 
variety X, Nef(X) (resp. Eff(X)) denotes the nef (resp. pseudo-effective) cone, that is, the 





























4 


KENTO FUJITA 


closure of the cone in N^(X) spanned by classes of nef (resp. effective) divisors on X, and 
Big(X) denotes the interior of the cone Eff(X). For a Weil divisor D on a normal projective 
variety X, the divisorial sheaf on X is denoted by Ox{D)- More precisely, for any open 
subscheme U <Z X, the section of Ox{D) on U is dehned by 

{f ek{X)\div{f)\u + D\u>0}, 

where k{X) is the function held of X. 


2. Preliminaries 


In this section, we hx a Q-Fano variety X of dimension n. 


2.1. K-stability. In this section, we recall the notion of K-stability. 

Definition 2.1 f |Tia971 rDon021 IRT07[ IOdkl3|. lOdklSj ). (1) A flag ideal X is a coherent 
ideal sheaf X C OxxAj of fh® form 

X = Im + + • ■ ■ + ht^ ^ + (t^) C OxxAjy 

where Ox D /i D ■ ■ ■ D /m is a decreasing sequence of coherent ideal sheaves. 

(2) Let r G Z>o with —rKx Cartier. A semi test configuration {B,C)/h} of (X, —rKx) 
obtained by X is dehned by the following datum: 

• If; —>■ X X is the blowup along X, and E/g G B is the Cartier divisor dehned 

by Ob{—E]s) = X ■ Ois, 

• C := Il*plOx{—rKx)<^Os{—E]s), where pi: X x —)■ X is the hrst projection, 

and we require the following: 

• X is not of the form {t^), and 

• £ is semiample over A^. 

(3) Let a: {B,C) —)■ A^ be the semi test conhguration of {X, —rKx) obtained by X. 

Then the multiplicative group Gm naturally acts on [B, C) and the morphism a is 
Gm-invariant, where the action Gm x A^ —)■ A^ is in a standard way (a,t) i—)■ at. For 
k G X>o, Gm also naturally acts on Let w{k) be the total weight of the 

action. It is known that w{k) is a polynomial of degree at most n + 1 for fc 3> 0. 
Let tc„+i, Wn be the {n + l)-th, n-th coefficient of w{k), respectively. We dehne the 
Donalds on-Futaki invariant DF(i3, £) of {B,C)/h} such that 


DF{B,C) : = 


• i-Kx)) 


[n 


1 )! 


{{-rKx)"^) ( n 


n\ 






Wr 


{{-rKx)-^) 


-Wr. 


n\ 


(4) 


We say that the pair (X, —Kx) is K-stable (resp. K-semistable) if DF(S, £) > 0 (resp. 
> 0) holds for any r G X>o, for any hag ideal X, and for any semi test conhguration 
{B^ £)/A^ of (X, —rKx) obtained by X. 


2.2. On geography of models. In this section, we recall the theory of “geography of 
models” introduced in |Sho961 Section 6]. For the notation in this section, we refer the 
readers to |KKL12] . 

Definition 2.2 ( |KKL12l Dehnition 2.3]). Let P be a normal projective variety, Ey be an 
M-Cartier M-divisor on V, and 0: V ---> W be a contraction map to a normal projective 
variety W such that Eiy := cf^Ey is M-Cartier. 

(1) The map 0 is said to be Ey -nonpositive if 0 is birational, and for a common resolution 
(p,g): P ^ P X IP, we can write p*Ey = q*E\y + E, where E is ehective and q- 
exceptional. 

(2) The map 0 is said to be a semiample model of Ey if 0 is Ay-nonpositive and Ew is 
semiample. 
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(3) The map (j) is said to be the ample model of Ey is there exist a birational contraction 
map 0': V W' and a morphism 0: W W with connected hbers such that 
0 = 000 ', the map 0' is a semiample model of Ey and 0*-Ey = where A is an 
ample M-divisor on W. 

Throughout the end of the section, we £x a nonzero effective Weil divisor D on X. By 
[BCHMlTH Corollary 1.4.3], we can take a projective small Q-factorial modification mor¬ 
phism a\ X —)■ df, that is, a is a projective birational morphism which is isomorphism in 
codimension one and X is Q-factorial. We set D := a~^D. 

Lemma 2.3. The variety X is a Mori dream space in the sense of jHKnnl Dehnition 1.10]. 

Proof. Since X is projective, having at most log-terminal singularities and —Kj^ is nef and 
big, there exists an effective Q-divisor A on X such that the pair (X, A) is kit and —(X-y-fA) 
is an ample Q-divisor. Thus the assertion follows by [BCHMlOl Corollary 1.3.2]. □ 

Definition 2.4. Let X, D and a be as above. The pseudo-effective threshold t{D) of D 
with respects to (X, —Kx) is dehned by: 

t{D) := max{r G M>o | -K^-rDe Eff(X)}. 

The following theorem is important in this paper. 

Theorem 2.5 f |KKL12'l Theorem 4.2]). Let X, D and a be as above. Then there exist 

• an increasing sequence of rational numbers 

0 = To < Ti < • • • < r™ = r(T>), 

• normal projective varieties Xi,..., X^, and 

• mutually distinct birational contraction maps 0*: X ---> Xj (1 < i < m) 
such that the following hold: 

• for any x G [uj-i, Uj], the map 0i is a semiample model of —Kj^ — xD, and 

• if X G (rj_i,rj), then the map <pi is the ample model of —Kj^ — xD. 

Proof. Follows immediately from Lemma [2.31 and |KKL12[ Theorem 4.2]. □ 

Definition 2.6. The sequence {(uj,Xj)}i<j<m obtained in Theorem 12.51 is called the ample 
model sequence of (X, —Kx] —D). We set Di := {4>i)^D for 1 < i < m. 

Remark 2.7. (1) Since ri_i < Tj, both Kx^ and are Q-Cartier divisors on Xj. 

(2) For any x G (rj_i, Tj) flQ and for any G Z>o with —k^K^ — kQxD Cartier, we have 

X, ^ Proj 0 (X, 0^{-kkoK^ - kkoxD)^ 

k>0 

by |KKL121 Remark 2.4 (i)]. Since cr: X —)■ X is small, the above is also isomorphic 
to 

Proj 0 (X, Oxi-kkoKx - kk,xD)). 

k>0 

Thus the ample model sequence of (X, —Kx] —D) does not depend on the choice of 
a. In particular, the pseudo-effective threshold t{D) does not depend on the choice 
of a and t{D) G Q>o holds. 

(3) The map 0i is Xj^-nonpositive since —X^y is nef (see |KKL121 Lemma 2.5]). Hence 
Xj has at most log-terminal singularities. 
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2.3. On the volume functions. In this section, we recall the theory of the volume functions 
and the restricted volume functions. We refer the readers to |Laz 04] and [LMOO] . In this 
section, we £x a projective small Q-factorial modihcation a: X ^ X and we set D := a~^D 
as in Section 12.21 


Definition 2.8. For any x G [0, +cxd), we define 

vo\x{—Kx — xD) := vol^ — xD^ , 


where vol^ is the volume function on X (see |Laz04l Corollary 2.2.45]). Thus the function 
\o\x{—Kx — xD) is continuous over [0, +oo), and for any x G [0, +cx)) flQ, ^o\x{—Kx — xD) 
is equal to 


lim sup 

k^oo 


(X, 0^{-kK^ + [-kxD\) 


In/ \ =limsup 

k^/n\ fc^oo k^/n\ 

where [•] is the round-down (see |KM98l Notation 0.4 (12)]). In particular, yo\x{—Kx—xD) 
does not depend on the choice of a. 


{X,Ox{-kKx + [-kxD\)) 


Lemma 2.9. Let x G [0,-|-cx3). 

(1) vo\x{—Kx — xD) = 0 holds if and only if x > r{D). 

(2) Ifx G [ri_i,ri], thenvolx{-Kx - xD) = {{-Kxi -xDi)'^). 


Proof. (jTj) The M-divisor —— xD is big if and only if a; G [0,r(Zl)). Thus the assertion 
follows. 

([2|) Both vo\x{—Kx—xD) and {{—Kxi—xDiy^) are continuous functions over x G [ri_i, r*]. 
Thus we can assume that x G (rj_i, Tj) fl Q. We have 


yo\x{—K 


X 


fc^OO ^ 


by |KKL12[ Remark 2.4 (i)] and the Serre vanishing theorem. 


□ 


We define the notion of restricted volume functions. 


Definition 2.10. For x G [0,r(D)), we define the restricted volume yo\x\D{.—Kx — xD) 
such that ^ ^ 

yo\x\D{-Kx - xD) := --—yo\x{-Kx - xD). 

Note that the function yo\x{—Kx — xD) is over x G [0,r(D)) by |BFJn9( Theorem A]. 
Thus vo1x|d(—A' x — xD) is well-defined and continuous over x G [0, t{D)). 

Proposition 2.11. Assume that x G [rj_i,rj]. Then 

yo\xiD{-Kx - xD) = {{-Kx, - a;A)'”“' ■ A). 

In particular, yo\x\D{.—Kx — xD) > 0 for any x G [0,r(D)). 

Proof. Follows from Lemma 12.91 (]2|) . □ 

Definition 2.12. We define 


yolxmi-Kx - t{D)D) ;= {{-Kx,^ - r(D)D^)-"-' ■ Dm) 
for convenience. By Proposition 12.111 yo\x\D{.—Kx — xD) is continuous over x G [0,r(D)]. 

Proposition 2.13. Assume that D is a prime divisor and x G [0,r(Zl)) fl Q. Then the 
value yo\x\D{—Kx — xD) coincides with the usual restricted volume voAp(—— xD) in 
jELMNPlM ILMn9] . More precisely, 

dim V(k) 

volxiA-iTx - xD) = limsup 

—kKyr—kxD: Cartier 
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holds, where V^k) is the image of the homomorphism 

(^X, 0^{-kK^ - kxD)^ [d, 0^{-kK^ - . 

Proof. We know that Exc((t) = B+(— by |BBP13l Proposition 2.3], where Exc((t) is 
the exceptional locus of a and is the augmented base locus of —Kj^ (see |LM091 

Section 2.4]). In particular, D (f Thus, by the proof of |LM09l Corollary 4.25], 

the assertion follows. □ 


3. Divisorial stability 


We dehne the notion of divisorial stability for Q-Fano varieties. In this section, we £x a 
Q-Fano variety X of dimension n and a nonzero effective Weil divisor D on X. 

By Lemma 12731 the graded C-algebra 

^H«(X.Ox(-kKx-3D)) 

/c j>0 

is hnitely generated. We remark that the above algebra is equal to 

0 H°(X.Ox(-kKx-3D)). 

fc >0 

since H\X, Ox{-kKx - ]D)) = 0 for j > kr^D). 


Definition 3.1. We say that a positive integer r G Z>o satisfies the generating property with 
respects to {X, —Kx] —D) if —rKx is Cartier, rr^D) G Z>o, and the C-algebra 


is generated by 


as a C-algebra. 


0 H^{X,Ox{-krKx-jD)) 

k>0 

0<j<krT{D) 

0 WiX.Oxi-rKx-jD)) 

0<j<rr(r>) 


Remark 3.2. (1) If r G Z>o is sufficiently divisible, then r satishes the generating prop¬ 

erty with respects to (X, —Kx] —D). 

(2) We assume that a positive integer r G Z>o satishes the generating property with 
respects to (X, —Kx] —D). Then the C-algebra 

0R° (X, Oxi-krKx)) 

k>0 

is generated by R°(X, Ox{—rKx)). In particular, the divisor —rKx is very ample. 


Throughout the end of the section, we £x r G Z>o which satishes the generating property 
with respects to (X, —Kx] —D). From now on, we construct a semi test conhguration of 
(X, -rKx). 

For any j > 0, we set the coherent ideal sheaf Ij C Ox dehned by the image of the 
composition of the homomorphisms 

(X, Ox{-rKx - jD)) Oc Ox{rKx) -G (X, Ox{-rKx)) Oc Ox{rKx) ^ Ox- 

In other words, Ij is the base ideal of the sub linear system of the complete linear system 
I — rKx I associates to the embedding 

RO (X, Ox{-rKx - jD)) C (X, Ox{-rKx)) • 

Obviously, we have 

Ox = /o 3 Ll 3 • • ■ Cr(D) T) IrT{D)+l = 0. 
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For any k G Z>o and j G Z>o, we define the coherent ideal sheaf C Ox such that 

iiH- Vjk=3 

Lemma 3.3. The above ideal sheaf J{k,j) C Ox is equal to the base ideal of the sub linear 
system of the complete linear system \ — krKx\ associates to the embedding 

(X, Oxi-krKx - jD)) C {X, Ox{-krKx)) • 

In other words, J{k,j) is equal to the image of the composition of the homomorphisms 

(X, Oxi-krKx - jD)) OxikrKx) (X, Oxi-krKx)) OxikrKx) ^ Ox- 

In particular, we have 

(X, Oxi-krKx - jD)) = (X, Oxi-krKx) ■ J(fc.,)) 

as subspaces of H^iX, Oxi-krKx))- 
Proof. We write 

:= (X, Oxi-krKx - jD)) 

for simplicity. By the dehnition of r, the homomorphism 

^ • • • <8)C V{l,jk) ^(kj) 

iiH— \-jk=j 
ji,---,jk>0 

is surjective. For any j*, the image of the homomorphism 

h(iji) OxirKx) —)■ Ox 

is equal to Jj.. Thus the image of the homomorphism 

1^(1 ji) • • • ®c ®c OxikrKx) —)■ Ox 

ji-\ — \-jk=j 
ji,---,jk>0 

is equal to 

■ ■ ■ ^jk ■ 

jiH- \-jk=j 

ji,---,jk>0 

This is nothing but J{k,j)- D 

We consider the following flag ideal 

X := IrriD) + IrriD)-lt^ + ' ' ' + + if^^^^) C Ox^Aj- 

By construction, for any k G Z>o, we have 

X" = Jik,krr(D)) + J(k,krr(D)-l)t^ + ' ' ' + 

Let If: — )■ X X be the blowup along X, let Eb d B he the Cartier divisor on B 
dehned by Osi-Es) = X ■ Os- Moreover, we set C := Il*plOxi—rKx) ® Osi-Eis) and 
a := p 2 o hi'- B —)■ A^, where pi or p 2 is the hrst or the second projection morphism, 
respectively. 

Lemma 3.4. a: iB,C) is a semi test eonfiguration o/(X, —rKx)- 

Proof. It is enough to show that C is semiample over A^. For any k G Z>o and j G Z>o, by 
Lemma [3.31 the homomorphism 

(X, Oxi-krKx) ■ ®c ^ Oxi-krKx) ■ 

is surjective. Thus, for any k G Z>o, the homomorphism 

(X X A\plOxi-krKx)-l’^) Oqt] C^axai ^ p^Oxi-krKx) ■ 
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is also surjective. Therefore, by |Laz04t Lemma 5.4.24], we have 

~ a*{p2)MOx{-krKx)-T'^) 

= n* {H^ {X X k\plOx{-krKx)-X^) ®c[i] C>axai) 

^ II* [plOx{-krKx)-T^) 

^ irplOx{-krKx) ® Osi-kEs) = 

for fc 3> 0. This means that C is semiample over A^. □ 

Definition 3.5. (1) The above flag ideal X is called the basic flag ideal with respects to 

{X, —rKx] —D), and the above semi test configuration a: {B, C) —)■ is called the 
basic semi test configuration of {X, —rKx) via D. 

(2) The pair (X, —Kx) is said to be divisorially stable (resp. divisorially semistable) 
along D if for any r G Z>o which satisfies the generating property with respects 
to {X, —Kx; —D), the basic semi test configuration {B,C)/h} of {X, —rKx) via 
D satisfies that DF(S, £) > 0 (resp. > 0). (We will see in Theorem 15.11 that the 
definition does not depend on the choice of r.) 

(3) The pair (X, —Kx) is said to be divisorially stable (resp. divisorially semistable) if 
the pair is divisorially stable (resp. divisorially semistable) along any nonzero effective 
Weil divisor. 


Let a: {B, C) —?■ A^ be the basic semi test configuration of (X, —rKx) via D and let w{k) 
be the total weight of the action of on (a*£®^)|{o}- By |Odkl31 Lemma 3.3], w{k) is 
equal to 

H^{XxAfplOx{-krKx)) 


Lfo (X X A\plOx{-krKx) -X^) 

krT{D) — l 


krT{D) — l / 

dim B ■ I 

j=o V 


LfO {X,Ox{-krKx)) 


(X, Ox{-krKx) '^(fc,/crr(D)—j)) 


krr{D) 

= -krr{D)h^ (X, Ox{-krKx)) + Ox{-krKx) ■ Jik,j)) 

/crr(D) 

= -krT{D)h^{X,Ox{-krKx))+ hf {X,Ox{-krKx - jD)). 

i=i 

Thus we have the following: 

Proposition 3.6. Let (B, £)/A^ be the basic semi test configuration of {X,—rKx) via D. 
We set 

cxD krT{D) 

f{k)-.= Y,h^{X,Ox{-krKx-jD))= Y, {X,Ox{-krKx - jD)). 
j=i i=i 

Then f{k) is a polynomial function of degree at most n + 1 for fc 3> 0. Let fn+i, fn be the 
(n + l)-th, n-th coefficient of f{k), respectively. Then we have 

r2-((-Xx)-") 


DF(S,£) = 


2 ■ (n!)2 


-viD), 


where 


n\ 




Remark 3.7. Obviously, if {X,—Kx) is K-stable (resp. K-semistable), then {X,—Kx) is 
divisorially stable (resp. divisorially semistable). In particular, if X admits Kahler-Einstein 
metrics, then (X, —Kx) is divisorially semistable by |Donn21 [Berl2] . 
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Remark 3.8. The relationship between test conhgnrations and hltered graded linear series 
is discussed by many authors. See |WN121 ISzel4] and references therein. 

4. On the asymptotic Riemann-Roch theorem 

In this section, we prove the following proposition. 

Proposition 4.1. Let V he a normal projective variety of dimension n, let Hy, Dy he Q- 
Cartier Weil divisors on V such that Dy is effective, and let a, h he rational numbers with 
a < h such that Hy — xDy is ample for any x G {a,b). Then for any sufficiently divisible 
positive integer k, the function 

bk 

v{k):= Y, h\V,Oy{kHy-jDy)) 

j=ak-\-l 

[ {{Hy - xDyy^)dx 

Ja 

k \ , ^ [ {{Hy-xDyy--^-{-Ky-Dy))dx + 0{k--^). 

2-{n- 1)! 

bk 

Vo{k):= Y X{V,Oy{kHy-jDy)). 

j=ak-\-l 

Pick any c G (a, 6) G Q and pick ko G Z>o such that both k^Hy and ck^Dy are Cartier. By 
Takao Fujita’s vanishing theorem [LazOdl Theorem 1.4.35], there exists a positive integer ki 
which is divisible by /cq such that 

W {V, Oy {{k, + giko)Hy - {ck, + g,)Dy)) = 0 

for any i > 0, gi E Z>o and g 2 E with agik^ < g 2 < hgik^. Thus, for any sufficiently 
divisible positive integer k, we have H\V, Oy{kHy — jDy)) = 0 for any i > 0 and any j E h 
with ak + {c — a)ki < j < bk + {c — b)ki. Hence v{k) — Vo{k) is equal to 

(h° (R, Oy{kHy - jDy)) - X {V, Oy{kHy - J Dy))) . 

j£{ak,...^ak-\-{c—a)ki — l, 
bk-\-(c—b)ki-\-l,...,bk} 

Thus v{k) — Vo{k) = 0{k'^~^) (see [Kol961 Theorem VI.2.15]). Hence it is enough to show 
the assertion for Vo{k). 

We fix h G Z>o such that hDy is Cartier. We consider the Z/hZ-graded (Py-algebra 

h-l 

A := Oy{—iDy) 
i=0 

dehned by the effective Cartier divisor hDy f |KM98] Dehnition 2.52]). More precisely, we 
use the multiplication 

Oy{—iDy) 0 Oy{—jDy) -E Oy{ — {i + j)Dy) (* + J < h), 

Oy{-iDy) 0 Oy{-jDy) -E- Oy{-{i + j)Dy) 4 Oy{-{i +j- h)Dy) {i + j > h), 

where s E H^{V,Oy{hDy)) corresponds to the effective Cartier divisor hDy. We consider 
the finite morphism 

e-.V := SpeCo^M^ R. 


satisfies that 

v{k) = 

+ 

Proof. We set 
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Claim 4.2. V is a reduced algebraic scheme which is Gorenstein in codimension one and 
satisfies that Serre’s condition S' 2 . Moreover, we have Ky ~ 9*{Kv + {h — l)Dv), where Ky 
is the canonical divisor ofV {see |Har07l Definition-Remark 2.7]). 


Proof of Claim It follows from the definition that V satisfies Serre’s condition S 2 and 
is rednced. Pick any irredncible component Dq of -Dy and let Cq be the coefficient of Dy at 
Dq- Let p G Do be a general point. Then p G R is smooth and we can take an analytic local 
coordinate xi,... ,Xn aronnd p snch that Dy is dehned by the equation xfi = 0. Then V 
around over p is defined by the equation {t^ — xf’^ = 0) C R x A). Thus R is Gorenstein 
codimension one. Since the canonical sheaf cnyxAi of R x is generated by 

d{t'^ - x'fi^) 


m 




-1 


A dxi A•••A dxn, 


the canonical sheaf Uy of R is generated by 

-^dxi A • • • A dXn 

tn i 

around over p. Since = {x1°^fi~^, we get the assertion. □ 

For any k G Z>o and j G Z such that kHy is Cartier and j is divisible by h, we have 
X (V, 9*Oy{kHy - jDy)) = X {V, A ® Oy{kHy - jDy)) 


h-1 


J2x{V,Oy{kHy-{t+j)Dy)). 


1=0 


Therefore, by |Odkl3] Lemma 3.5] and |RTn7[ (4.16)], for a sufficiently divisible positive 
integer k, vo{k) is equal to 


bkih-l 

x(V,9*Oy{kHy-fhDy)) + 

j'=ak/h-\-l 
bk/h 

x(v,9*Oy{kHy-j'hDy) 


x{V,Oy{kHy-jDy)) 

j£{ak-\-l,...,ak-\-h—l}U{bk} 


+ k 


j'=aklh-\-l 

h-i 


n\ 

bk/h 


{{{Hy - aDy)-^) - {{Hy - hBy)'^)) + 0{k--^) 


j'=aklh+l 

h-1 


k 


Y/ {^{9*{Hy-{f/k)hDyy-)- 
. .1 


k 


n—1 


2 -{n- 1)! 


{9*{Hy-{f/k)hDyy--AKy) 


+ {{{Hy - aDy)-^) - {{Hy - hBy)'^)) + 0{k^-^) 

nl 

pn+l rb/h f /) — 1 

h{{Hy — xhDyy'^)dx + H 


ni 


' a/h 


n\ 


{{{Hy-aDyy-)-{{Hy-hDyy^)) 


h 


2 -{n-iy.J, 

h 

2-(n-l)! J, 


fb/h 

/h 

bjh 

Ih 


{{Hy - xhDy)-^-^ ■ {-Ky - {h - l)Dy)) dx 
{{Hy - xhDy)-^-^ ■ {-hDy)) dx\ + 0{K-^) 


Therefore we have proved Proposition 14.1[ 


□ 
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5. Interpretation of r]{D) 

In this section, we fix a Q-Fano variety X of dimension n and a nonzero effective Weil 
divisor D on X. In this section, we calculate the value r]{D) in Proposition l3.6l via intersection 
numbers, via the volume functions, and via the restricted volume functions. 


5.1. Via intersection nnmbers. Let r G Z>o which satisfies the generating property with 
respects to {X, —Kx] —D), let {B, C)/A^ be the basic semi test configuration of (X, —rKx) 
via H, and let {(ui,Xj)}i<j<m be the ample model sequence of {X, —Kx; —D). We set 
f{k) := h^{^i^x{—krKx — jD)) as in Proposition 13.61 By |KKL121 Remark 2.4 

(i)], for any sufficiently divisible positive integer k, we have 

m krri 

l'W = E E h°(Xi,Ox,{-krKx,-3D,)). 

i=l j=krTi-\-\-l 

By Proposition 14.11 for any 1 < i < m, we have 

kVTi 

^ h°{Xt,Ox,(-krKx,-jDi)) 


j=krri-i+l 
J^n+1 prTi 


ni 


{{-rKxi - xDi)''^)dx 


' rri-i 




(•TTi 


2- (n- 1)! 


ii-rKx^ - xD,y^-^ ■ {-Kx^ - Dy)dx + 0{k^-^). 


'r-Ti-i 


Thus the (n + l)-th and n-th coefficients fn+i and /„ of f{k) are 


f, 


n+l - 

i=l 

m 

/« = E 


n\ 


{{-Kx,-xD,y^)dx, 


'n-i 


rn 


G 2 • (" - 1)! Jr. 

Therefore we have proved the following. 


ii-Kx, - • i-Kx, - Dy)dx. 


Theorem 5.1. Let X be a Q-Fano variety of dimension n and D be a nonzero effective 
Weil divisor on X. Then 

ni „ri 

r]{D) = ^n (1 - x){{-Kxi - ■ Di)dx, 

i=l 

where ri{D) is the value introduced in Proposition \3 .(A In particular, divisorial stability and 
semistability of {X, —Kx) along D do not depend on the choice of the value r in Definition 

5.2. Via the volume functions. 

Theorem 5.2. Let X, D and r]{D) be as above. Then we have 

riD) 


t]{D) = vo\xi-Kx) - 


vo\x{—Kx — xD)dx 


poo 

= vo\x{—Kx)— / vo\x{—Kx — xD)dx 

Jo 


r(D) 


= volx{-Kx)-n 


xvo\x\d{—Kx — xD)dx. 
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Proof. We note that ri{D) is equal to 

m ^ 

^ |(x-l)((-A-.v.-xAn]U. 


2=1 


{{-Kx^-xD,y^)dx\. 


'Ti-i 


By Lemma [2.91 this value is equal to 

vo\x(-Kx) - 


.t{D) 


vo\x{—Kx — xD)dx. 


On the other hand, by Dehnition 12.101 and Proposition 12.111 this value is also equal to 


.t{D) 


n 


(1 — x) volxwi—Kx — xD)dx = vo\x{—Kx) — n 


rriD) 


xyo\x\D{—Kx — xD)dx. 


Thus the assertion follows. 


□ 


6. Toric case 

In this section, we see divisorial stability for toric Q-Fano varieties. For the theory of toric 
varieties, we refer the readers to [CLSllj . We £x a lattice M := a dual lattice 

N := Hom 2 (M, Z) = 0™ ^ Ze*, and we set Mr := M R and := N 1^- We have 
a natural dual pairing (,): Mr x IYr —)■ R with (cj, e*) = 5ij. We £x a canonical Lebesgue 
measure dx on Mr, for which Mr/M is of measure 1. 

Let X be a toric Q-Fano variety of dimension n corresponds to a fan S in Xr. Let {uaIasa 
be the set of the primitive generators of the one dimensional cones in S, let Dx be the torus 
invariant prime divisor on X associated to the one dimensional cone R>oTa € S. We set the 
rational polytope P C Mr such that 

P := P{X-Kx=T,xeAl^x) ^ I (“Wa) > -1 (VA e A)} 

as in [CLSlll (4.3.2)]. As is known in |BB13( Proposition 3.2], P is a rational polytope 
which contains the origin in its interior. Let bp G Mr be the barycenter of P, that is, 

r„ xdx 

XdT' 

Theorem 6.1. For any A G A, the signature ofri{Dx) is equal to the signature of — {bp,vx). 
Proof. After a certain lattice transform, we can assume that vx = ef 
Claim 6.2. For any x G [0, +C)o), we have 

vo\x{-Kx - xDx) = n\ ■ yo\m^{P\ui>-i+x), 

where 

P|j.i>_i+a; := {ueP \ {u,el)>-l + x}, 

vo\m^{P\^^>-i+^) := / dx. 

Proof of Claim WM. It is enough to prove Claim W72 \ for the case x G [0, -|-oo) n Q since both 
yo\x{—Kx — xDx) and n\-YolMK{P\ui>-i+x) are continuous function over x. For a sufficiently 
divisible positive integer fc, we have 

H”{X,Ox{-kKx))^ 0 Cx“, 

u&kPrM 

where is the character of the algebraic torus dehned by u G M (see |CLS1H 

(1.1.1)]). Moreover, P°(X, Ox{—kKx — kxDx)) is equal to, as a subspace, 

0 Cx“ 

u^kPnM 

{u^e^)'>—k-\-kx 
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(see |CLS11[ Section 4.3]). Thus we have 

(X, Ox{-kKx - kxDx)) = G n M}. 

Hence, by |LMn9l Proposition 2.1], we have the assertion. 

Let Q{x) be the (restricted) volume of 

:= {u e P \ {u, e*) = -1 + x} C 

By Claim [62], we have 

Q{x) = --^-^vo\x{-Kx -xDx) = ^ volx|n>;,(-^A - xDx) 

for any x G (0, t{Dx))- Thus we get the equation 

/ r-riDx) 

r]{Dx) = nl voImr(-P) - / xQ{x)dx 


□ 


from Theorem 15.21 On the other hand, we have 

rPDx), 


/i. n Jp{x,el)dx (-1 + x)Q{x)dx xQ(x)dx 

[Op, ep = -^^^-i. 


voImk(P) 
Thus we get the assertion. 


vo1m*(P) 


vo1m*(P) 


□ 


Corollary 6.3. Let X, P and bp be as above. 

(1) The pair (X, —Kx) is not divisorially stable. 

(2) Assume that bp ^ 0. Then there exists a torus invariant prime divisor D on X such 
that (X, —Kx) is not divisorially semistable along D. 

Proof. We consider the case bp ^ 0. Let cp G P be the intersection of the boundary dP of 
P and the half line 

{(1 — t)bp 1 1 G M>o} 

(cf. |Lill] L Let Pp be a facet (that is, (n — l)-dimensional face) of P with cp G Pp, and 
let M>o'yA be the one dimensional cone in S associated to Pp. By construction, we have 
{bp,vx) > 0. Thus p{Dx) < 0 by Theorem 16.11 
If bp = 0, then {bp,vx) = 0 for any A G A. Thus ri{D) = 0 for any torus invariant prime 
divisor P on X. □ 


Remark 6.4. The converse of Theorem 11.21 follows from |BB13l Theorem 1.2]. See also 

[wzoll Ezog. 

As an immediate consequence of Corollary 16.31 for any non-K-semistable toric Q-Fano 
variety, we can explicitly construct a flag ideal such that the Donaldson-Futaki invariant 
of the associated semi test conhguration is strictly negative. In fact, the basic flag ideal of 
(X, —rKx] —D) for some r G Z>o and for some torus invariant P is a desired flag ideal. 
We note that, for a toric Q-Fano variety X and a torus invariant prime divisor Dx on X, a 
positive integer r G Z>o satishes the generating property with respects to (X, —Kx] —Dx) if 
and only if the C-algebra 

0P° (X, Ox{-krKx)) 

k>0 

is generated by P°(X, Ox{—rKx)). Indeed, as we have seen in the proof of Theorem 16.11 
the space P°(X, Ox{—krKx — jDx)) is equal to 

0 

uGkrPnM 

{u,vx}>-kr+j 

(see also [CLSlll Dehnition 2.2.9]). We see some examples. 
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Example 6.5. Let X be the blowup of along one point and let E be the (—l)-curve on 
X. As we have seen in Corollary 16.31 {X, —Kx) is not divisorially semistable along E. In 
fact, t{E) = 2, r = 1 satisfies the generating property with respects to (X, —Kx', —E), and 
the basic flag ideal X = I 2 + ht + (f^) with respects to (X, —Kx', —E) satisfies that 

h = Ox{-2E), 
h = Ox{-E). 

In other words, X is equal to the ideal sheaf {Ox{—E) + 

Example 6.6. Let X be the blowup of P^ along distinct two points, let Ei, E 2 be the 
distinct exceptional divisors of X —)■ P^, and let Eq be the strict transform of the line 
passing though the centers of the blowup. As we have seen in Corollary 16.31 (X, —Kx) 
is not divisorially semistable along Eq. In fact, t{Eq) = 3, r = 1 satisfies the generating 
property with respects to (X, —Kx', —Eq), and the basic flag ideal X = Iq + l2t + Iit^ + if") 
with respects to (X, —Kx', —Eq) satishes that 

h = Ox{—^Eq — 2 Ei — 2E2), 
h = O x{—2Eq — El — E 2 ), 
h = Ox{-Eq). 


7. On the barycenters of Okounkov bodies 


We see the relation between the value ri{D) and the structure of Okounkov bodies of —Kx- 
For the theory of Okounkov bodies, we refer the readers to [LMOQ] . (See also |Oko96l iBCllt 
IKK12|. IWN12] .l In this section, we fix a Q-Fano variety of dimension n, an admissible flag 

Z,-. X = Zq D Zi D ■ ■ ■ D Zn = {point} 

of X, that is, each Zj C X is a subvariety of dimension n — i and each Z* is smooth around 
Zn- We set A{—Kx) '■= Xz,{—Kx) C the Okounkov body of —Kx with respects to Z, 
in the sense of [LMOQj . 

Theorem 7.1. Letbi be the first coordinate of the barycenter of the Okounkov body A{—Kx) ■ 
The following are equivalent: 

(1) {X,—Kx) is divisorially stable {resp. divisorially semistable) along Zi. 

(2) 61 < 1 {resp. bi < 1) holds. 


Proof. Let a: X —)• X be a projective small Q-factorial modification morphism. Since Z„ 
is a smooth point of X, the morphism a is isomorphism around Z„ (see [Kol96[ Theorem 
VI. 1.5]). Hence we can consider the strict transform Zj of Zj, and we get an admissible flag 
Z, of X. By the construction of A{—Kx), the Okounkov body A := A^fi—Kjfi) coincides 
with A{—Kx). By the proof of |LMn9l Corollary 4.25] (see also the proof of Proposition 
EH, 

vol]Rn-i ^ volx|Zi(-Xx -xZi) 

holds for any x G [0, r(Zi)). Hence we have 

ri{Zi) = n\ I voIr™ (a] - [ xvoIru-i 


dx 


On the other hand, the value bi is equal to 


/c 


r{Zl) 


a:volHn-i ( A\y^=^ 


dx 


voL 


(-) 


Thus the assertion follows. 


□ 
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Remark 7.2 (cf. |BB12j ). Let (6i ,... ,bn) G M” be the barycenter of A(—Assume that 
(A, —Kx) is K-semistable. We may expect that the values &2, • • •, bn, in particular 
are also small. However, it is not true in general. See the following example. 

Example 7.3. Let X := Pp2(Tp2). We know that X is a Fano manifold of dimension 
three and is a rational homogeneous manifold. Thus X admits Kahler-Einstein metrics. In 
particular, (X, —Kx) is K-semistable. On the other hand, consider the admissible flag Z, of 
X such that 

• Zi is the inverse image of a line I C P^, where tt: X ^ P^ is the projection 

morphism (note that Zi ~ Ppi(C) © 0(1))), 

• Z 2 is the (—l)-curve on Zi, and 

• Z3 is a point on Z 2 . 

Then the Okounkov body A{—Kx) C of —Kx with respects to Z, is equal to 
{{ui, V2, z^a) e I 0 < z/i, z/2 < 2, 0 < 1/3 < 2 - + 1/2}. 

The barycenter of A{—Kx) is equal to (5/6, 7/6, 7/6). 

8. MMP WITH SCALING 

In this section, we hx a Q-Fano variety X of dimension n, a nonzero effective Weil divisor 
H on X, a projective small Q-factorial modihcation a: X —)■ X, and we set D := (t~^D. We 
show in this section that we can easily calculate the value rjlD) after we run a kind of MMP. 
More precisely, we run a (—i))-MMP with scaling —Kj^ (see IBCHMin] Section 3.10]). In 
other words, we consider the following program: 

• Set po := +CX3, to := /Iq ^ = 0, Xi := X and Di := D. 

• Assume that we have constructed /ii_i G M>oU{+cx)}, a Q-factorial projective variety 
Xj and a nonzero effective Weil divisor Di on Xj such that —Di + pj_i(—is nef, 
that is, the value := /i/_\ G M>o satishes that —Kj^, — ti_iDi_i is nef. Let 

yUj := min{/i G M>o U {+cxo} | — Di + fi{—Kj^,): nef}. 

In other words, L := G M>o satishes that 

ti = max{f G M>o | — Kj^, — tDi\ nef}. 

Since Di is nonzero effective, the values ^i and ti can be dehned and tj_i < tj. By 
[HKOOi Proposition 1.11 (1)] and the argument of |BCHM10l Lemma 3.10.8], the 
value ti is a rational number and there exists an extremal ray Ri C NE(Xj) such 
that {—Kj^. — tiDi ■ Ri) = 0 and {Di ■ Ri) > 0. Moreover, we get the contraction 
morphism Xj —)■ F} of Ri. If <hj is of hber type, then we set m' := i and we 
stop the program. If $j is divisorial, then we set Xj+i := Yi, if <I)j is small, then let 
Xj+i be the hip of <I>j. Let Dj+i be the strict transform of Di and we continue the 
program. Since {Di ■ Ri) > 0, the Weil divisor Dj+i is nonzero ehective. 

• By |HK001 Proposition 1.11(1)], after hnitely many steps, we get a contraction mor¬ 
phism : Xm' —)■ Ym' of hber type. 

Thus we get the following datum: 

• birational contraction maps 

X = Xi X2 -^ Xn,, 

among Q-factorial projective varieties, 

• the strict transform Di of D on Xj such that all of them are nonzero ehective. 
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• a non-decreasing sequence 

0 = to<h<---<tm' 

of rational numbers, and 

• a contraction morphism : Xm' —>■ Ym' of fiber type of an extremal ray Rm' C 

NE(Xm') such that ^ ■ Rm') = 0. 

Proposition 8.1. (1) Let {(r*, Xj)}i<j<m he the ample model sequence of(X, —Kx; —D). 

Then we have 

{tq, . . . , Tm} {to, • • • , tm'} ; 
where tq := 0. In particular, we have tm' = e(-D). 

(2) We have 

v{D) = ^n (l-x) ■ dA dx. 

1=1 dti-i V / 


Proof. ([T]) For any 1 < t < m' with tj_i < tj, there exist a 1 < < m and a birational 

morphism 11'^: Xj —)■ Xj. such that Xj. is the ample model of —Kj^. — tDi (hence also the 
ample model of —Kj^ — tD) for any t G (tj_i,tj). Moreover, the value ji and the morphism 
d'j are uniquely determined. Thus we have (tj_i,ti) C ( 7 }-._i, Tj.). Assume that there exists 
an 1 < L < m' such that i' > i and j*/ = ji. Then T*(—— tDj.) = —Kj^ — tDi is 
nef for any t G This contradicts to the construction of ti. Thus ji ^ je if t 7 ^: L. 

Since —Ky —tm'Dm' is pseudo-effective but is not big, we have tm' = e(Z 1). Thus we have 
proved O- 

([2]) The right-hand side is equal to 


E 

with 




dx. 


On the other hand, we have 

((-M, - ■ D.j = (*• {-hX - ■ A) = {{-Kx,. - ■ A.) ■ 


Thus we have proved ([2]). 


□ 


Corollary 8.2. (1) Assume that X is Q-factorial. Then the value ti is equal to the 

value e{D, (X, —Kx)), where 


e{D, (X, —Kx)) ■= max{t G 

(2) Assume that X is smooth. 

(i) If m = 1, then r]{D) = ^{D), where 
re(D,{X-Kx)) 


^>0 


-Kx-tD nef}. 


aD)-.= n 


(1 - x) {{-Kx - xD)-^-^ ■ D) dx 


{see |Fjtl5| Proposition 3.2]). In particular, i/Nef(X) = Eff(X), then r]{D) = 
i{D) for any nonzero effective divisor D on X. 

(ii) If (X, —Kx) is divisorially stable {resp. divisorially semistable) along D, then 
{X,—Kx) is slope stable {resp. slope semistable) along D. {For the theory of 
slope stability, we refer the readers to [RTOTl [Fjtl5| .) 


Proof. CQl As we have already seen in the beginning of Section IH ti = e{D, (X, —Kx)) holds. 
In particular, ti is a positive rational number. By Proposition 18.11 ([T]), we have ti = ti. 

(P If m = 1, then t{D) = n = e{D, (X, -Kx)). Thus r]{D) = ^{D). 
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fl2ll|) Assume that ^{D) < 0. Then ti > 1 by |Fjtl5 


Remark 3.4], Thus 


r^{D) = ^D) + 





(1 -x) 



dx < ^{D) 


holds. 


□ 


9. Basic properties 


In this section, we £x a Q-Fano variety X of dimension n and a nonzero effective Weil 
divisor D on X. 


9.1. Proportional case. 

Lemma 9.1. Assume that a nonzero effective Weil divisor D' on X satisfies that D' cD 
for some c G Q>o- 

(1) Assume that c = 1. Then r]{D) = r]{D'). 

(2) Assume that c > 1. If (X, —Kx) is divisorially semistable along D, then (X, —Kx) 
is divisorially stable along D'. 


Proof. This is obvious from the equations 
V{D’) = volxi-Kx) 

= vo\xi-Kx) 


10 


vo\x{—Kx — cxD)dx 

1 

c Jo 


vo\x{—Kx — xD)dx. 


□ 


Lemma 9.2. Assume that —Kx ~q cD for some c G Q>o- Then rj{D) > 0 {resp. > 0) 
holds if and only if c < n + 1 {resp. < n + 1) holds. 

Proof. Let {(ri, Xj)}i<j<m be the ample model sequence. Then m = 1 and ti = c. Hence we 
have ri{D) = {{—Kx)'"^) ■ {n + 1 — c)/{n + 1). □ 


Corollary 9.3. Assume that X is smooth and p{X) = 1. 

(1) If X zz P”, then {X,—Kx) is divisorially semistable and is not divisorially stable 
along a hyperplane. 

(2) If X P*^, then (X, —Kx) is divisorially stable. 


Proof. Follows immediately from Lemma Wi2\ and |K073] . See also |Fjtl5 Corollary 4.7]. □ 

Remark 9.4. There exists a Fano manifold X of dimension three such that p(X) = 1 
but X does not admit Kahler-Einstein metrics |Tia97j . Thus, from Corollary 19.31 divisorial 
stability is strictly weaker than K-stability. Recently, the author found Fano manifolds X 
with p(X) = 1 such that the pairs (X, —Kx) are not K-semistable (the examples will appear 
elsewhere). Thus divisorial semistablility is also strictly weaker than K-semistability. 


9.2. Convexity of the volume functions. 


Lemma 9.5. If t]{D) < 0, then t{D) > 1. In particular, if D is Q-Cartier and r]{D) < 0, 
then —Kx — D is big. 

Proof. Follows immediately since {{—Kxi —xDi)'"‘~^-Di) > 0 holds for any x G (rj_i, Ti ). □ 

Remark 9.6. Assume that X is smooth. It is enough to check the signature of ri{D) for 
only a finite number of divisors D on X for testing divisorial (semi)stabihty. This follows 
from Lemmas 19.51 and 19.11 (IT]) and the fact 

#M(X) n {[-Kx] - Big(x)) n Pic(x) < +oo, 

where [—Kx] is the class of —Kx in N^(X). 
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Lemma 9.7 (cf. |Fjtl5[ Proposition 4.1]). Let {(r*, Xj)}i<j<m be the ample model sequence 
of {X, —Kx'i —D) and Di C Xj be the strict transform of D. Assume that the following: 


• for any 1 < i < m, there exists a positive integer hi G Z>o such that hiDi is Cartier 

and H^{Di,Oxi{hiDi)\Di) 7 ^ 0 {resp. 7 ^ 0 ), and 

• l(Z1) < 2 {resp. > 2). 

Then ri{D) > 0 {resp. < 0). If we further assume one of 

• there exists an 1 < i < m such that Oxi{hiDi)\Di is not numerically trivial on Di, or 

• t{D) < 2 {resp. > 2), 

then ri{D) > 0 {resp. < 0). 


Proof. The function vo\x{—Kx — xD) over x G [0,r(Zl)] is and monotone decreasing 
function by Definition 12.101 and Proposition 12.Hi Moreover, by Lemma 12.91 

d^ 


dx'^ 


vo\x(—K 


X 


xD) = (n - 1) ((-A'x, - xD,y''-'‘ ■ Df) 


for any x G (Tj_i, r,). Thus the assertion follows from the convexity property of the function 
xo\x{—Kx — xD) (see also |Fjtl5 Proof of Proposition 4.1]). □ 


9.3. Basic examples. 

Proposition 9.8. Assume that X is smooth and n <2. Then (X, —Kx) is K-stable {resp. 
K-semistable) if and only if {X, —Kx) is divisorially stable {resp. divisorially semistable). 


Proof. The case n = 1 is trivial. We consider the case n = 2. If X is toric, then the assertion 
follows from Corollary 16.31 and |BB131 Theorem 1.2]. Assume that X is not toric. Then X is 
obtained by the blowup of along distinct general points pi,... ,pk with 4 < fc < 8. In this 
case, Aut(X) is hnite and X admits Kahler-Einstein metrics by |Tia90j . Hence {X,—Kx) 
is K-stable by |Sto091 Theorem 1.2]. By Remark 1X71 (X, —Kx) is divisorially stable. □ 


Lemma 9.9. Let Y be a Fano manifold of dimension n > 3 such that Pic(y) = Z[Oy(l)]. 
Assume that r G Z>o satisfies that Oy{—Ky) — Oy(r). Let l<di<d 2 <r —1 and let 
Di, D 2 <ZY be divisors such that OY{Di) ~ OY{di) {i = 1,2) and assume that the scheme 
theoretic intersection C \= Dy A D 2 Y is a smooth codimension two subvariety. Let X 
be the blowup along C. Then X is a Fano manifold. If d 2 > 2di, then (X, —Kx) is not 
divisorially semistable along the strict transform of Di. 


Proof. Since NE(X) is spanned by the class of a curve contracted by the morphism X —)■ K 
and a curve in the strict transform Di of Di, X is a Fano manifold. We consider divisorial 
stability along Dy. In this case, we have ti = 1, X 2 = Y, T 2 = r/d 2 and m = 2 . Hence we 
get 


viDi) 


{n + l)di{d 2 — di)^ 


((<^2 — di)^ 


- {{n -L l)(d 2 - di) -1- r 


dj) (r - di)’"+^ 
da) (r-d2)"}. 


Therefore, if d 2 — di > di, then r]{Di) < 0. 


□ 


Lemma 9.10. Let Z be a Fano manifold of dimension n — 1 with n > 3 and Pic{Z) = 
'L[Oz{I)]- Assume that r G Z>o satisfies that Oz{—Kz) — Oz{t). We set Y := Fz{Oz © 
Oz{s)), where r > s > 0. Let E <zY be a section of the F^-bundle with Me/y — Oz{s) and 
let W G E be a smooth divisor on E with Oe{W) ~ Oz{d) such that r > d — s. Let X be 
the blowup of Y along W and let E' G Y be the strict transform of the negative section of 
Y ^ Z. Then X is a Fano manifold. Moreover, if d = 2s, then ri{E') = 0; if d < 2s, then 
r]{E') < 0. 
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Proof. By |Fjtl2 Lemma 2.5] or |CD12t Remark 3.4.5], X is a Fano manifold. We consider 
divisorial stability along E'. In this case, we have ti = 1, X 2 = Fz{Oz © Oz{d — s)), 
N'e'jx 2 — Oz{d — s), where E 2 is the image of E' on X 2 , and T 2 = 2, m = 2. If d < s, then 


ri{E') < 0 by Lemma [9.71 From now on, we assnme that s < d < 2s. Set s' := d 
0 < s' < s < r holds. Moreover, we have 


s. 


Then 


V{E') = 


n + 1 


{9i{s) - 9i{s')) , 


where 

gi{x) := ^ — [nx + r)(r — x)") . 

Thus it is enough to show that the function gi{x) is strictly monotone decreasing function 
over X G (0,r). Since g'i{x) = g 2 {x)/x^, where 

g 2 {x) := (r — x)''~^ (n{n — l)x‘^ + 2 (n — l)rx + 2 r^) — 2 r"'~^^, 


and ( 72 ( 0 ) = 0, it is enough to show that the function g 2 {x) is strictly monotone decreasing 
function over x G (0,r). Since 

g' 2 ix) = —n{n — l)(n + l)(r — xY~‘^x‘^ < 0, 


the assertion follows. 


□ 


10. Three-dimensional case 


In this section, we consider divisorial stability for Fano manifolds of dimension three. The 
goal of this section is to prove the following theorem: 


Theorem 10.1. Let X be a Fano manifold of dimension three. 

(1) The pair (X, —Kx) is divisorially semistable but not divisorially stable if and only if 
one of the following satisfied: 

• X ~ 

• p(X) = 2 and X belongs to either No. 26 or No. Sf in [MMSlt Table 2], 

• p(X) = 3 and X belongs to one of No. 9, No. 19 or No. 25 in |MM81t Table 3], 

• p(X) = 4 and X belongs to one of No. 2, No. f or No. 7 in [MMSl] Table 4], 

• p(X) = 5 and X belongs to No. 3 in |MM811 Table 5], or 

• p{X) > 6 . 

(2) The pair (X, —Kx) is not divisorially semistable if and only if one of the following 
satisfied: 

• p{X) = 2 and X belongs to one of No. 23, No. 28, No. 30, No. 31, No. 33, No. 
35 or No. 36 in |MM811 Table 2], 

• p(X) = 3 and X belongs to one of No. If, No. 16, No. 18, No. 21, No. 22, No. 
23, No. 24 , No. 26, No. 28, No. 29, No. 30 or No. 31 m |MM811 Table 3], 

• p(X) = 4 and X belongs to one of No. 5, No. 8, No. 9, No. 10, No. 11 or No. 
12 in [MM811 Table 4], or 

• p(X) = 5 and X belongs to No. 2 in |MM811 Table 5]. 


We prove Theorem 110.11 We £x the notation. Let X be a Fano manifold of dimension 
three, let H be a nonzero effective divisor on X and let {(r*, Xj)}i<j<m be the ample model 
sequence of (X, —Kx] —D). We set 

Pi ■= [ (1 - x) {{-Kxi - xDi)''^ ■ Di) dx 

J n-1 


for simplicity. By dehnition, g{D)/3 = pi + ■ ■ ■ + Pm- Let be a del Pezzo manifold 
of degree d {1 < d < 5) and of dimension three (see |Fuj90[ I, Section 8 ]). Let V^ := 
Fp2{0 © 0{1)), We := Pp 2 (Tp 2 ) and Q be a smooth hyperquadric in P^. For d G Z>o, we 
set Fd := Ppi(C> © 0{d)), let ad C be the (—(i)-curve and let fd C F^ be a hber of the 
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morphism —)■ Ph Moreover, on Pps(C) 0 0{ai) © • • • © (9(0^)), let be a tautological line 

bundle and H^s be a pullback of C>ps(l), if there is no confusion. 

We can assume that p{X) > 2 by Corollary 19.31 Let {/i ,... ,lk] be the set of minimal 
extremal rational curves on X as in [Mat951 Section III-3]. We note that the nef cone Nef(X) 
of X is the dual cone of NE(X) and the pseudo-effective cone Eff(X) of X is equal to 

Nef(W) + E M>o[E], 

Eee 

where 8 is the set of the exceptional divisors of all elementary divisorial contraction of X 
(see [BarlOl Proposition 1.2]). Thus we can easily calculate those cones from |Mat951 Section 
III-3]. 


Definition 10.2. The divisor D is said to be a suspicious divisor if the following conditions 
are satisfied: 

• -Kx - D is big, 

• the class [D] G Pic(W) of D is primitive in Pic(X) and is not proportional to —Kx, 

• m > 2, and 

• if p{X) = 2 and D is nef, then t{D) > 2. 


Assume that X is neither a toric, the product of P^ and a del Pezzo surface, nor the 
blowup of Q along a line. Furthermore, if ri{D) < 0, then D must be a suspicious divisor by 
Corollary 18.21 (l2ll|) , |Fjtl51 Theorem 1.5], Lemmas 19.1119.2119.51 and 19.71 
The following lemma is obvious. 


Lemma 10.3. Assume that m = 2, ti = 1, X 2 is smooth and D 2 — D. 

(1) We consider the case D ~ P^ x P^. 

(i) If T 2 = 3/2, Xd/x - Opixpi(-l,a) and MD 2 /X 2 - C>pixpi(0,4) with a > -1, 
then t]{D) > 0. 

(ii) If T 2 = 2, Xd/x - Opixpi(-l,a) and XD 2 /X 2 - Opixpi(2,6) with a, b > 
then t]{D) > 0. 

(iii) IfT 2 > 2, Xd/x — C>pixpi(“l) o) (ind XD 2 /X 2 — C>pixpi(0,fe) with a <0 and b < 
1, thenp{D) < 0. Moreover, the equality holds if and only if{T 2 ,a,b) = (2,0,1). 

(iv) IfT 2 = 3, Xd/x - Opixpi(-l, 1) andXD 2 /X 2 - Opixpi(l, 1), then p{D) > 0. 

(2) We consider the case D ~ Fi. 

(i) IfT 2 = 2, Xd/x - Ofi(-<ti + afi) and XD 2 /X 2 - C>Fi((Ti + 2/i) with a > -1, 
then ri{D) > 0 . 

(ii) IfT 2 > 2, Xd/x ^ andXD 2 /X 2 - fi) with -1 < a < 1, 

then p{D) < 0. Moreover, the equality holds if and only if {t 2 , a) = (2,1). 

(iii) IfT 2 = 2, Xd/x ^ Ow^{-ai) and ^ C>Fi(/i), then p{D) > 0. 

10.1. The case p{X) = 2. We consider the case p{X) = 2. We prepare the following lemma. 
The proof is straightforward. 

Lemma 10.4. Assume that p{X) = 2, X 2 is smooth with Pic(X2) = 'I^[Ox2{H)], —Kx 2 ~ 
rH for some r G ci'nd there exists a morphism ip\ X ^ X 2 which is obtained by the 
blowup of a smooth curve C C X 2 of degree d and genus g. Let F be the exceptional divisor 
of and let e, h G Z>o with D + hF = XD 2 and D 2 ~ eH. Then we have the equality 

-//(D) = {H'^) f e{l — x){r — exYdx 

3 Jo 

nri 

+ / {1 — x) { — {1 — hx){hr + e + h{hr — 3e)x)d + {2g — 2)h{l — hx^} dx. 

Jo 


Assume that X belongs to No. 33-36 in jMM811 Table 2]. Then X is toric. Then (X, —Kx) 
is not divisorially stable by Corollary 16.31 Moreover, (X, —Kx) is divisorially semistable if 
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and only if X belongs to No. 34 in |MM81t Table 2] by Theorem 11.21 and |Mab87] . Assnme 
that X belongs to No. 31 in |MM811 Table 2]. Then (X, —Kx) is not divisorially semistable 
by Corollarv l8.2l fl2iijl and |Fjtl5 Theorem 1.5]. Assume that X belongs to one of No. 23, No. 
28 or No. 30 in |MM811 Table 2]. Then (X, —Kx) is not divisorially semistable by Lemma 


EH 

We assume that X belongs to neither No. 23, No. 28, No. 30, No. 31, nor No. 33-36. We 
also assume the existence of a suspicious divisor D. By |MM831 Theorem 5.1], the possibility 
of X and D is one of the following: 


(1) X belongs to No. 15 in |MM811 Table 2] and D is the strict transform of A. 

(2) X belongs to No. 19 in |MM81t Table 2] and D is the exceptional divisor of the 
morphism X —)■ V 4 . 

(3) X belongs to No. 22 in |MM81t Table 2] and D is the exceptional divisor of the 
morphism X —)■ Vs- 

(4) X belongs to No. 26 in |MM81t Table 2] and D is the exceptional divisor of the 
morphism X ^ V 5 . 

(5) X belongs to No. 26 in |MM81t Table 2] and D is the exceptional divisor of the 
morphism X ^ Q. 

( 6 ) X belongs to No. 29 in |MM811 Table 2] and OxiD) — cont^^ C>pi(l), where conti 2 is 
the contraction morphism associated to the extremal ray M>o[/ 2 ] ( |Mat95] L 

(fTj) In this case, under the notation in Lemma [10.41 ri = 1, r 2 = 2, X 2 = P^, r = 4, h = 1, 
e = 2, d = 6 and (? = 4. Hence ri{D)/3 = 7/6 > 0. 

(j2|) In this case, under the notation in Lemma [10.41 ti = 1, T 2 = 2, X 2 = P^, r = 4, h = 1, 
e = 2, d = 5 and g = 2 (see also |MM83[ p. 117]). Hence g{D)/‘i = 2 > 0. 

()5|1 In this case, under the notation in Lemma [10.41 ti = 1, r 2 = 2, X 2 = P^, r = 4, h = 1, 

e = 2, d = 4 and (? = 0 (see also |MM83[ p. 117]). Hence ri{D)/3 = 17/6 > 0. 

(jH) In this case, under the notation in Lemma [10.41 Ti = 1, T 2 = 3, X 2 = Q, r = 3, h = 1, 

e = 1, d = 3 and g = 0 (see also |MM831 p. 117]). Hence t]{D)/3 = 0. 

([5]) In this case, under the notation in Lemma [10.41 Ti = 1/2, T 2 = 2, X 2 = V 5 , r = 2, 
h = 2, e = l, d=l and g = 0. Hence t]{D)/3 = 239/48 > 0. 

(]6|) In this case, under the notation in Lemma [10.41 ti = 1, T 2 = 3, X 2 = Q, r = 3, h = 1, 
e = 1, d = 2 and g = 0. Hence r]{D)/3 = 4/3 > 0. 

Therefore we have proved Theorem 1 10.1 1 for the case p(X) = 2. 


10.2. The case p(X) = 3. We consider the case p(X) = 3. We assume that D is a. suspicious 
divisor. 

The case No. 1. Assume that X belongs to No. 1 in |MM811 Table 3]. Then Nef(X) = 
Eff(X) by |Mat95] . Thus there is no suspicious divisor. Hence {X,—Kx) is divisorially 
stable. 

The case No. 2. Assume that X belongs to No. 2 in [MM811 Table 3]. Let Hi, H 2 be a 
divisor on X corresponds to the pullback of (!lpixpi(l, 0), C>pixpi(0,1), respectively. Let F 
be the exceptional divisor of the morphism cont/j. Then we have 

Nef(X) = M>o[idi]+M> o[ 772 ]+M>o[2idi + dd 2 + 2F], 

M(X) = M>o[L7i]+M>o[772]+M>o[F], 

—Kx ~ 2Hi + H 2 + F, 

Pic(X) = Z[Hi] ® Z[H 2 ] ® Z[F]. 

Hence D ~ Hi. In this case, Ti = 1, X 2 is the image of the morphism cont^g, N'd 2 /X 2 is 
nonzero effective, T 2 = 2 and m = 2 . Thus ri{D) > 0 by Lemma 19.71 Hence {X,—Kx) is 
divisorially stable. 

The case No. 3. Assume that X belongs to No. 3 in jMM811 Table 3]. Let Hi, H 2 , ids be 
a divisor corresponds to the restriction of 0{1, 0, 0), O{0, 1, 0), O{0, 0,1) on X, respectively. 
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Let E 2 , -E3 be the exceptional divisor of cont/j, cont^g, respectively. Then E 2 ~ Hi—H 2 + 2 H^^ 
E 3 ~ —Hi + H 2 + 2 H 3 and 

Nef(X) = M>o[i/i]+M>o[i/2]+M>o[i/3], 

M(X) = R>o[Hi]+R>o[H2\+R>o[Hi-H2 + 2H3]+R>o[-Hi + H2 + 2H3\, 

—Kx ~ Hi + H 2 + ^^ 3 , 

Pic(X) = Z[Hi]®Z[H 2 ]®'L[H^]. 

Hence D ~ iLi or H 2 . If D ~ Hi, then ti = 1, X2 = x P^, T 2 = 3/2 and m = 2. Thus 
r]{D) > 0 by Lemma 19.71 If D ~ H 2 , then we have rjlD) > 0 in the same way. Hence 
(X, —Kx) is divisorially stable. 

The case No. 4. Assume that X belongs to No. 4 in |MM8H Table 3]. Let Hi, H 2 be a 
divisor corresponds to the pullback of (!7pixp2(l, 0), C>pixp2(0,1) on X, respectively. Let E 
be the exceptional divisor of cont/^. Then we have 

Nef(X) = R>o[Hi]+R>ii[H 2 ]+^>o[H 2 -E], 
m{X) = R>o[ifi] + M>o[L72-^]+K>o[^], 

—Kx ~ Hi + 2 H 2 — E, 

Pic(X) = Z[Hi] ® Z[H 2 ] ® Z[E]. 

Hence D H 2 — E. In this case, D is nef, ti = 1, X2 is the image of the morphism cont/j, 
r2 = 2 and m = 2. Thus ri{D) > 0 by Lemma 19.71 Hence (X, —Kx) is divisorially stable. 
The case No. 5. Assume that X belongs to No. 5 in [MM811 Table 3]. Let Hi, H 2 be a 
divisor corresponds to the pullback of (Ppixp2(l, 0), C>pixp2(0,1) on X, respectively. Let Ei, 
E 2 be the exceptional divisor of cont/j, cont^j, respectively. Then E 2 ~ 2 H 2 — Ei and 

Nef(X) = M>o [L7i]+ M>o [7/2]+K>o[2i7i +57/2-2^1], 

M(X) = R>o[Hi] + R>o[ 2H2-Ei]+R>o[Ei], 

—Kx ~ 2 Hi + 3H2 — El, 

Pic(X) = Z[Hi] ® Z[H 2 ] ® Z[Ei]. 

Hence D ~ 2 H 2 — Ei, Hi or Hi + 2 H 2 — Ei. Assume that D ~ 2 H 2 — Ei, that is, D = E 2 . 
Then Md/x — C^pixpi(—1, —1), H = 1, X 2 = P^ x P^, A/D 2 /X 2 — C>pixpi(0,4), T 2 = 3/2 
and m = 2. Thus r]{D) > 0 by Lemma 110.31 Assume that D ~ Hi. In this case, ti = 1, 
X 2 is the image of the morphism cont/j, is nonzero effective, r 2 = 2 and m = 2 . 

Thus ri{D) > 0 by Lemma 19.71 Assume that 77 ~ 77i + 2 H 2 — Ei. In this case, Ti = 1, 
X 2 = P^ X P^, D 2 G |C>(1,2)|, T 2 = 3/2 and m = 2. Since rji = 35/12 and 772 = —7/48, we 
have ri{D)/3 > 0. Hence (X, —Kx) is divisorially stable. 

The case No. 6. Assume that X belongs to No. 6 in |MM811 Table 3]. Let H^ be a divisor 
corresponds to the pullback of C>p3(l), let Ei, E 2 be the exceptional divisor of cont^^, cont;2, 
respectively. Let Hi := —Ei + H^ and H 2 := —E 2 + 2H^. Then 

Nef(X) = R>o[77i]+M>o[772]+M>o[773], 

M(X) = R>o[77i] + R>o[ 772] + R>o[-7ri + H^] + R>o[-772 + 2H^], 

—Kx ~ Hi + H2 + 7 / 3 , 

Pic(X) = Z[77 i]©Z[772]©Z[773]. 

Hence D ~ Hi, H 2 or Hi + H 2 . Assume that D ~ 77i. In this case, Ti = 1, X2 is the 
image of the morphism cont^^, D 2 corresponds to the pullback of (Pp3(l), T 2 = 2 and m = 2 . 
Thus 77(77) > 0 by Lemma 19.71 Assume that D ~ H 2 . In this case, Ti = 1, X2 is the image 
of the morphism cont^j, D 2 corresponds to the pullback of Ops {2), T 2 = 3/2 and m = 2. 
Thus 77(77) > 0 by Lemma 19^1 Assume that 77 ~ 77i + H 2 . In this case, ti = 1, X 2 = P^, 
D 2 G |(Pp3(3)|, T 2 = 4/3 and m = 2 . Thus 77(77) > 0 by Lemma [921 Hence {X,—Kx) is 
divisorially stable. 
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The case No. 7. Assume that X belongs to No. 7 in |MM81t Table 3]. Let H 2 , H 3 be 
a divisor corresponds to the pullback of C>vv6(l)0), Owei^,!), respectively, let Ei, E 2 , E^ 
be the exceptional divisor of cont^^, cont^^, cont/g, respectively. Let Hi := —Ei + H 2 + H 3 . 
Then E 2 ^ Hi + 2 H 2 — H 3 , E^ ^ Hi — H 2 + 2 H 3 and 

Nef(A) = R>o[Hi]+R>o[H 2 ] + R>o[H 3 ], 

M(X) = M>o [Hi] + M>o [Hi + 2 H 2 - Hs] + M>o [-Hi + H 2 + H 3 ] + M>o [Hi - H 2 + 2H ^], 
—Kx ~ Hi + H 2 + iLs, 

Pic(X) = 'L[Hi]®'L[H 2 ]®'L[Hii]. 

Hence D ~ Hi, H 2 or H^. Assume that D ~ Hi. In this case, ti = 1, X 2 = We, 
D 2 ~ {—l/2)Kw(i-, T 2 = 2 and m = 2. Thus ri{D) > 0 by Lemma IhTl Assume that D ~ H 2 . 
In this case, ti = 1, A 2 = x P^, T 2 = 3/2 and m = 2. Thus ri{D) > 0 by Lemma 19^1 If 
D ~ H^, then we have rjlD) > 0 in the same way. Hence {X, —Kx) is divisorially stable. 
The case No. 8. Assume that X belongs to No. 8 in |MM81t Table 3]. Let Hi, H 2 , H 3 
be a divisor corresponds to the restriction of C>]pgxp 2 (cri + /i,0), C>pjxp 2 ( 0 ,1), C>Fixp 2 (/i, 0), 
respectively. Let Ei, E 2 be the exceptional divisor of cont^g, cont/j, respectively. Then 
El ~ Hi — Lfs, E 2 ~ —Hi T 2 H 2 T Lfs and 

Nef(X) = R>o[Hi]+R>o[H 2 ]+^>om, 

M(X) = R>o[Hi-Hs] + R>o[H3]+R>o[-Hi + 2H2 + H3], 

—Kx ~ Hi + H 2 + 7 ^ 3 , 

Pic(X) = Z[Hi]®Z[H 2 ]®Z[Hii]. 

Hence D ~ Hi, H^ or Hi — H 3 . Assume that D ~ Hi. In this case, ti = 1, X 2 = P^ x P^, 
T 2 = 3/2 and m = 2. Thus rjlD) > 0 by Lemma 19.71 Assume that D ~ H^. In this case, 
Ti = 1, A 2 is the image of the morphism cont^g, N'd 2 /X 2 is nonzero effective, T 2 = 2 and 
m = 2. Thus r]{D) > 0 by Lemma 19^1 Assume that D ~ iLi — H^, that is, D = Ei. In 
this case, Nd/x ^ Opixpi(-1, 0), ti = 1, X 2 = P^ x P^, AAdj/Xj ^ Opixpi(0,4), ra = 2 and 
m = 2 . Thus ri{D) > 0 by Lemma [9.71 Hence (X, —Kx) is divisorially stable. 

The case No. 9. Assume that X belongs to No. 9 in |MM811 Table 3]. Let Ei, ..., E 4 
be the exceptional divisor of cont^^,... ,cont; 4 , respectively. Let H := [Ei + T^3)/4. Then 
E 4 ~ —2H + El® E 2 and 

Nef(A) = R>o[A'i + A'a] + ®.>o[A'i + 2A'2] + ]R.>o[Lf] + M>o [£'2 + 2iL], 

Eff(X) = R>o[4:H-Ei]+R>o[-2H + Ei + E 2 ] + R>o[Ei] + R>o[E 2 ], 

— Kx ~ H ® El + 2 E 2 , 

Pic(X) = Z[H]®Z[Ei]®Z[E 2 ]. 

Hence D ~ AH — Ei, 2 H + E2, H, H + E2, Ei, E2, E1 + E2, —H + E1 + E2 or — 2 H + E1 + E2. 
li D E2 or — 2 H + Ei + E2, then r]{D) = 0 by Lemma 19.101 Assume that D ~ Ei. In 
this case, ti = 1/4, X2 is the image of the morphism cont^j, ra = 1, X3 is the projective 
cone of a Veronese surface, r3 = 5/4 and m = 3 . We have rji = 1225/384 and rj^ = —1/96 
since ((-iP^g)'^) = 125/2. Thus r]{D )/3 > 1225/384 - 1/96 >0. If D AH - Ei, then 
ri{D) > 0 in the same way. Assume that D Ei + E2. In this case, D is nef, ri = 1/2, 
X2 is the image of the morphism cont^j, T2 = 1 , X3 is the projective cone of a Veronese 
surface, = 5/4 and m = 3 . Thus ri{D) > 0 by Lemma 19.71 If H ~ 2 H + E2, then 
ri{D) > 0 in the same way. Assume that D ~ Hi. In this case, Ti = 1, X2 is the image of 
the contraction morphism associated to the extremal face spanned by M>o[/2] and R>o[/4], 
D2 ~Q {— 1 / 3 )Kx 2 , T2 = 3 and m = 2 . We note that ((—= 27. Since rji = 10/3 
and ri2 = 4/3, we have r]{D )/3 > 0. Assume that H ~ LT + E2. In this case, ti = 1, X2 is 
the projective cone of a Veronese surface, D2 ~q {— 3 / 5 )Kx 2 , ^2 = 5/3 and m = 2 . Since 
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rji = 19/6 and 772 = —2/9, we have ri{D)/3 >0. If D ~ —H + Ei + E2, then ri{D) > 0 in 
the same way. Hence {X, —Kx) is divisorially semistable bnt not divisorially stable. 

The case No. 10. Assnme that X belongs to No. 10 in |MM811 Table 3]. Let iLs be a 
divisor corresponds to the pnllback of Oq{ 1), let Ei, E2 be the exceptional divisor of cont/^, 
cont/j, respectively. Let Eli := El^ — E2 and 1^2 := — Ei. Then we have 

Nef(X) = R>o[i/i]+M>o[i/2]+M>o[^^3], 

M(X) = R>o [Hi] + R>o [H2] + R>o [-Hi + H^] + R>o [-H2 + H ^], 

—Kx ~ Hi + H 2 + 1 ^ 3 , 

Pic(X) = 'L[Hi]®Z[H2]®Z[Hii]. 

Hence D ~ Hi, H2 or Hi + H2- Assnme that D ~ Hi. In this case, ri = 1, X2 is the blownp 
of Q along a conic, D2 corresponds to a pnllback of Oq{1), T 2 = 2 and m = 2. Thns r]{D) > 0 
by Lemma [9.71 If H ~ H2, then ri{D) > 0 in the same way. Assnme that H ~ Lfi + H2. In 
this case, Ti = 1, X 2 = Q, D2 G \Oq{2)\, T 2 = 3/2 and m = 2. Thns ri{D) > 0 by Lemma 
19.71 Hence (A, —Kx) is divisorially stable. 

The case No. 11. Assnme that X belongs to No. 11 in [MM811 Table 3]. Let H 2 , H^ 
be a divisor corresponds to the pnllback of Hp 2 , on V7, respectively. Let Ei,...,E^ be 
the exceptional divisor of cont/^,..., cont/g, respectively. Let Hi := —Ei + H2 + H'j,. Then 
E2 ~ — H2 A Hu, E^ ~ Hi A 2H2 — H^ and 

Nef(A) = R>o[L7i] AR>o[i/2] AR>o[hf3], 

m{X) = R>o[Hi] + R>o[Hi + 2H2-Hs] + R>o[-H2 + H3]+R>o[-Hi + H2 + H3], 
—Kx ~ Hi A H2 A H^, 

Pic(A) = 'L[Hi]®Z[H 2]®'L[H^]. 

Hence D ~ iLs, —H 2 A H^, Hi, H 2 , Hi A H 2 or Hi A 2 H 2 — H^. Assnme that D ~ H 3 . 
In this case, Ti = 1, A 2 = x P^, T 2 = 3/2 and m = 2. Thns ri{D) > 0 by Lemma [9?71 
Assnme that D ~ —H 2 A H^, that is, D = E 2 . In this case, Afo/x — C>Fi(—<Li — /i), Ti = 1, 
A 2 = P^ X P^, D 2 G |C1(1,1)1, T 2 = 2 and m = 2. Thns rj{D) > 0 by Lemma [10.31 Assnme 
that D ~ Hi. In this case, ri = 1, A 2 = V 7 , D 2 ~ (—1/2)77^^, T 2 = 2 and m = 2. Thns 
rj{D) > 0 by Lemma lUTl Assnme that D ~ H 2 . In this case, Ti = 1, X 2 is the blownp of 
P^ along a qnartic which is an intersection of two qnadrics, D 2 corresponds to the pnllback 
of (Pp 3 (l), T 2 = 2 and m = 2. Thns ri{D) > 0 by Lemma [9.71 Assnme that D ^ Hi + H 2 . 
In this case, Ti = 1, A 2 = P^, T 2 = 4/3 and m = 2. Thns ri{D) > 0 by Lemma [9.71 Assnme 
that D Hi + 2 H 2 — H 3 , that is, D = E^. In this case, ti = 1/2, X 2 is the blowup of P^ 
along a qnartic which is an intersection of two quadrics, D 2 corresponds to the sum of the 
pullback of C>p 3 (l) and the pull back of C>pi(l), T 2 = 1, X 3 = P^, D 3 G |C>p 3 ( 3 )|, T 3 = 4/3 
and m = 3. Since T 2 = 173/192 and ts = —1/36, we have t]{D)/3 > 173/192 — 1/36 > 0. 
Hence (X, —Kx) is divisorially stable. 

The case No. 12. Assume that X belongs to No. 12 in |MM811 Table 3]. Let H^ be 
a divisor corresponds to the pullback of Clp3(l). Let Ei,... ,E^ be the exceptional divisor 
of cont/g,..., cont/g, respectively. Let Hi := —Ei A H^ and H2 := —E2 A 2H^. Then 
£^3 ~ iLi A 2H2 — H3 and 

Nef(X) = R>o[i7i] AR>o[i^2] AR>o[i^3], 

M(X) = R>o[iLi] AR>o[i/iA2iL2-i/3] AR>o[-i/i Ai73] AR>o[-i/2A2i73], 
—Kx ~ Hi A H2 A H^, 

Pic(X) = 'L[Hi]®Z[H2]®Z[Hii]. 

Hence D ~ —Hi A 1/3, 1/3, Hi, H2 or Hi A H2. Assume that D ~ —Hi A H^, that is, 
D = El. In this case, Md/x ^ C>pixpi(-1,1), H = 1, X 2 = P^ x P^, AZ/jj/Xa - Opixpi(0,4), 
T2 = 3/2 and m = 2. Thus 77(D) > 0 by Lemma [10.31 Assume that D ~ H3. In this case. 
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Ti = 1, X 2 = X P^, T 2 = ?>/2 and m = 2. Thus ri{D) > 0 by Lemma lUTl Assume that 
D Hi. In this case, xi = 1, X 2 is the blowup of P^ along a twisted cubic, D 2 corresponds 
to the pullback of Clp3(l), T 2 = 2 and m = 2. Thus ri{D) > 0 by Lemma [9.71 Assume that 
D ~ H 2 . In this case, Ti = 1, X 2 = Ppi(C>®^ © 0{1)), D 2 G |^p^|, T 2 = 3/2 and m = 2. 
Thus t](D) > 0 by Lemma [9.71 Assume that D ^ Hi + H 2 . In this case, Ti = 1, X 2 = P^, 
T 2 = 4/3 and m = 2. Thus //(-D) > 0 by Lemma [9.71 Hence (X, —Kx) is divisorially stable. 
The case No. 13. Assume that X belongs to No. 13 in [MMSll Table 3]. Let H 2 , H 3 be a 
divisor corresponds to the pullback of 0), Owe{0, 1), respectively. Let Ei, ..., be 

the exceptional divisor of cont^^,..., cont^g, respectively. Let Hi := —Ei + H 2 + H 3 . Then 
E 2 ~ Hi — H 2 + iLs, Ell ~ Hi + H 2 — Hi and 

Nef(A) = M>o[L7i]+M>o[hf2]+M>o[^f3], 

M(X) = ^>o[Hi + H2-Hi]+^>ii[Hi-H2 + Hi] + ^>o[-Hi + H2 + Hil 
— Kx ~ Hi + H2 + Hi, 

Pic(X) = Z[Hi](BZ[H 2 ]®Z[Hi]. 

Hence D ~ Hi, H 2 or Hi. Assume that D ~ Hi. In this case, ti = 1, X 2 = Wq, 
D 2 ~ {—1/2)Kwq-, T 2 = 2 and m = 2 . Thus r]{D) > 0 by Lemma 19.71 If H ~ 772 or Hi, then 
ri{D) > 0 in the same way. Hence (X, —Kx) is divisorially stable. 

The case No. 14. Assume that X belongs to No. 14 in |MM811 Table 3]. By Lemma 19.101 
(X, —Kx) is not divisorially semistable. 

The case No. 15. Assume that X belongs to No. 15 in |MM811 Table 3]. Let Hi be 
a divisor corresponds to the pullback of Oq(1). Let Ei,... ,Ei be the exceptional divisor 
of contzg,..., contzg, respectively. Let Hi := —E 2 + Hi and H 2 := —Ei + Hi. Then Ei ~ 
Hi + 2 H 2 — Hi and 

Nef(X) = M>o[i7i] + M>o[772]+M>o[i73], 

M(X) = R>o [Hi] + M>o [Hi + 2 H 2 - Hi] + M>o [-ifi + Hi] + R>o [-H 2 + Hi], 

—Kx ~ Hi + H2 + Hi, 

Pic(X) = 'L[Hi]®'L[H 2 ]®'L[Hi]. 

Hence D ~ Hi, —Hi + Hi, —H 2 + Hi, Hi, H 2 , Hi + H 2 or Hi + 2 H 2 — Hi. Assume that 
D ~ Hi. In this case, Ti = 1, X2 = P^ x P^, D 2 G \0{\,2)\, T 2 = 3/2 and m = 2. Thus 
r]{D) > 0 by Lemma 19.71 Assume that D ~ —Hi + Hi, that is, D = E 2 . In this case, 
J^D/x — C>pixpi(—1, 2), Ti = 1, X2 = P^ X P^, ND 2 /X 2 — C^pixpi(0, 2), T 2 = 3/2 and m = 2. 
Thus r]{D) > 0 by Lemma 110.31 Assume that D ~ —H 2 + Hi, that is, D = Ei. In this case, 
J^D/x - OFi(-cri), Ti = 1, X2 = P^ X p2, MD 2 /X 2 - OFi(cri + 2/1), T 2 = 2 and m = 2. Thus 
ri{D) > 0 by Lemma [10.31 Assume that D ~ Hi. In this case, ti = 1, X2 is the blowup of Q 
along a line, D 2 corresponds to the pullback of Oq{1), T 2 = 2 and m = 2. Thus ri{D) > 0 by 
Lemma ITTl Assume that D ~ H 2 . In this case, Ti = 1, X 2 is the blowup of Q along a conic, 
D 2 corresponds to the pullback of Oq{1), T 2 = 2 and m = 2. Thus r]{D) > 0 by Lemma 
[921 Assume that H ~ ifi + H 2 . In this case, ti = 1, X2 = Q, T 2 = 3/2 and m = 2. Thus 
ri{D) > 0 by Lemma [9.71 Assume that H ~ i7i + 2 H 2 — Hi, that is, D = Ei. In this case, 
Ti = 1/2, X2 is the blowup of Q along a conic, D 2 corresponds to the sum of the pullback 
of Oq{1) and the pullback of (9pi(l), T 2 = 1, X3 = Q, D 2 G \Oq{2)\, ti = 3/2 and m = 3. 
Since 772 = 9/8 and 773 = —1/12, we have ri{D)/3 > 9/8 — 1/12 > 0. Hence {X,—Kx) is 
divisorially stable. 

The case No. 16. Assume that X belongs to No. 16 in |MM81[ Table 3]. We consider 
the case that D is the strict transform of the negative section of the morphism Vy —)■ P^. 
Then Md/x — C>Fi(-o'i - /i), n = 1, X 2 = Wq, D 2 G |C>tyg(l, 0)|, T 2 = 2 and m = 2. Thus 
77 ( 11 ) < 0 by Lemma [10.31 Hence (X, —Kx) is not divisorially semistable. 

The case No. 17. Assume that X belongs to No. 17 in |MM811 Table 3]. Let Hi, 
H 2 , Hi be a divisor corresponds to the restriction of C>pixpixp 2 (l, 0, 0), C>pixpixp 2 ( 0 ,1, 0), 
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C>pixpixp 2 ( 0 , 0,1), respectively. Let Ei, E 2 be the exceptional divisor of cont/^, cont^j, re¬ 
spectively. Then Ei Hi — H 2 + H^, E 2 ^ —Hi + H 2 + H^ and 

Nef(X) = M>o[L/i]+M>o[Lr 2 ]+M>o[Lf 3 ], 

M(X) = M>o [Hi] + M>o [H 2 ] + M>o [Hi -H 2 + H 3 ] + M>o [-Hi + H 2 + i/s], 

—Kx ~ Hi -|- H 2 + 2 iL 3 , 

Pic(X) = Z[Hi]®Z[H 2 ]®'L[Hii]. 

Hence D ~ iLi -|- iL 3 , H 2 -|- iL 3 , Hi — H 2 + H^, —Hi + H 2 + H^, Hi or H 2 . Assnme that 
D Hi + H 3 . In this case, ri = 1, X 2 = x P^, T 2 = 3/2 and m = 2. Thus ri{D) > 0 by 
Lemma l?7n If D ~ H 2 +H 3 , then ri{D) > 0 in the same way. Assume that D ~ H 1 — H 2 +H 3 . 
In this case, ti = 1, X 2 = P^ x P^, D 2 G \O{0,2)\, T 2 = 3/2 and m = 2. Since = 31/6 
and ri 2 = —1/3, we have ri{D)/3 >0. If H ~ —Hi + H 2 + H 3 , then ri{D) > 0 in the same 
way. Assume that D ~ Hi. In this case, Ti = 1, X 2 = P^ x P^, D 2 G \0{1, 1)|, r 2 = 2 and 
m = 2. Thus ri{D) > 0 by Lemma [9.71 If H ~ H 2 , then rj^D) > 0 in the same way. Hence 
(X, —Kx) is divisorially stable. 

The case No. 18. Assume that X belongs to No. 18 in |MM81[ Table 3]. We consider 
the case that D is the strict transform of the plane in P^ passing through the conic which 
is the center of the blowup. Then Md/x — C>Fi(—<ti — /i), ti = 1, X 2 = Ppi(C>®^ 0 0(1)), 
D 2 G |^p|, T 2 = 3 and m = 2. Thus ri{D) < 0 by Lemma [10.31 Hence {X,—Kx) is not 
divisorially semistable. 

The case No. 19. Assume that X belongs to No. 19 in |MM811 Table 3]. Let iL be a 
divisor corresponds to the pullback of Oq{1). Let Ei, ..., £'4 be the exceptional divisor of 
conti^,..., cont^, respectively. Then £3 ~ — 2 E 2 T £, £4 ~ —2£i 0 H and 

Nef(X) = R>o[H]+R>o[-Ei + H]+R>o[-E 2 + H] + R>o[-Ei-E 2 + H], 

Eff(X) = M>o[£i] 0 M>o[£ 2 ] 0 P>o[—2£i 0 £] 0 M>o[— 2£2 0 H], 

—Kx ~ — 2Ei — 2 E 2 0 3H, 

Pic(X) = Z[£i] ©Z[£ 2 ] ©Z[£]. 

Hence D ~ £ 4 , £ 2 , — £4 — £2 0£, — £4 0£, — £2 0£, — 2Ei-\-H, —2£2 0£, — 2Ei-\-E 2 -\-H, 
E 1 — 2 E 2 + H, — 2 E 1 — E 2 + 2 H, —E 1 — 2 E 2 + 2 H, — 3 E 1 —E 2 + 2 H or —£4 —3£2 02£. Assume 
that £ ~ £4 or £ 2 . In this case, rjlD) = 0 by Lemma ri0.3l Assume that D ~ —£4 — E 2 + H. 
In this case, Ti = 1, X 2 = Q, £2 G |(Pq(1)|, T 2 = 3 and m = 2. Since rji = 8/3 and 
7]2 = —5/6, we have ri{D)/3 > 0. Assume that £ ~ —£4 0 H. In this case, £ is nef, 
r 4 = 1, X 2 = W, £2 ~ {—1/2)Kvt, T 2 = 2 and m = 2. Thus r]{D) > 0 by Lemma [9?71 
If £ ~ —£2 0 £, then ri{D) > 0 in the same way. Assume that £ ~ —2Ei 0 H, that is, 
£ = £ 4 . In this case, r 4 = 1, X 2 = P^, £2 G |£(2)|, T 2 = 2 and m = 2. Since rji = 31/6 
and t ]2 = —2/3, we have rj{D)/3 >0. If £ ~ — 2 E 2 + H, then r]{D) > 0 in the same way. 
Assume that £ ~ — 2£4 0 £2 0 £. In this case, r 4 = 1/2, X 2 = W, £2 G |(^p © £p 2 ^|, T 2 = 1, 
A 3 = P^, £3 G |£(3)|, T 3 = 4/3 and m = 3. Since 772 = 91/64 and 773 = —1/36, we have 
ri{D)/3 >91/64 — 1/36 >0. If£~£ 4 — 2 E 2 + H, then ri{D) > 0 in the same way. Assume 
that £ ~ —2Ei — £2 0 2H. In this case, £ is nef, r 4 = 1, A 2 = P^, £2 G |(P(3)|, r 2 = 4/3 
and m = 2. Thus ? 7 (£) > 0 by Lemma 19771 If £ ~ —£4 — 2 E 2 + 2H, then ? 7 (£) > 0 in the 
same way. Assume that £ ~ — 3£4 — £2 0 2H. In this case, r 4 = 2/3, A 2 is the blowup of Q 
along a point, £2 ~ —£ 0 2H, where £ is the exceptional divisor of the morphism A 2 —)■ Q 
and H corresponds to the pullback of (Pq( 1), r 2 = 1, A 3 = P^, £3 G |(P(3)|, r 3 = 4/3 and 
m = 3. Since 772 = 125/324 and 773 = —1/36, we have r]{D)/3 > 125/324 — 1/36 > 0. If 
£ ~ —El — 3 E 2 0 2H, then 77 (£) > 0 in the same way. Hence (A, —Kx) is divisorially 
semistable but not divisorially stable. 

The case No. 20. Assume that A belongs to No. 20 in |MM811 Table 3]. Let £ be a 
divisor corresponds to the pullback of Oq{1). Let £ 4 ,..., £3 be the exceptional divisor of 
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cont^j,..., cont^g, respectively. Then ~ —Ei — E 2 + H and 

Nef(X) = R>o[H]+R>o[-E^ + H]+R>o[-E 2 + H], 

Eff(X) = R>o[Ei]+R>o[E2]+R>o[-E,-E2 + H], 

—Kx ~ —El — E 2 + 3H, 

Pic(X) = Z[Ei](BZ[E 2 ]®Z[H]. 

Hence D ~ Ei, E 2 , Ei + E 2 , H, —Ei + i/, —E 2 + H, —Ei — E 2 + H, —Ei — E 2 + 2iP, 
—2£'i —E 2 + 2 H or —El — 2 E 2 + 2 H. Assume that D ~ Ei. In this case, Md/x — 

Ti = 1, A 2 = Wq, D 2 € |C>vi/g(l, 0)1, T 2 = 2 and m = 2. Thus r]{D) > 0 by Lemma 
lin.3[ If D ~ E 2 , then r]{D) > 0 in the same way. Assume that D Ei + E 2 . In this 
case, Ti = 1 / 2 , X 2 = We, D 2 ~ {—l/2)Kwii, T 2 = 2 and m = 2 . Since r ]2 = 27/32, we 
have r]{D) > 27/32 > 0. Assume that D ~ —Ei + H. In this case, D is nef, ti = 1, 
A 2 is the blowup of Q along a line, D 2 corresponds to the pullback of Oq{1), T 2 = 2 and 
m = 2. Thus r]{D) > 0 by Lemma 19.71 If 77 ~ —E 2 + H, then ri{D) > 0 in the same way. 
Assume that D ~ —Ei — E 2 + H, that is, D = E^. In this case, Md/x — C^pixpi(“l 5 1); 
Ti = 1, X 2 = Q, D 2 € |C>q(1)|, T 2 = 3 and m = 2 . Thus r]{D) > 0 by Lemma [10.31 
Assume that D ~ —Ei — E 2 + 2H. In this case, D is nef, Ti = 1, X 2 = Q, T 2 = 3/2 and 
m = 2. Thus t]{D) > 0 by Lemma [9?71 Assume that D ~ —2Ei — E 2 + 2H. In this case, 
Ti = 1/2, X 2 is the blowup of Q along a line, D 2 ~ —E + 2H, where EI corresponds to 
the pullback of Oq{1) and E is the exceptional divisor of the morphism X 2 Q, T 2 = 1, 
A 3 = Q, D 3 E |C>q( 2 )|, ts = 3/2 and m = 2 . Since r ]2 = 241/192 and rje = — 1 / 12 , we have 
t]{D)/3 > 241/192 — 1/12 > 0. If 77 ~ —Ei — 2 E 2 + 277, then t]{D) > 0 in the same way. 
Hence (A, —Kx) is divisorially stable. 

The case No. 21. Assume that A belongs to No. 21 in [MMSll Table 3]. We consider the 
case that 77 is the strict transform of the divisor in |(! 7 pixp 2 ( 0 ,1)| passing through the conic 
which is the center of the blowup. Then Md/x — C>pixpi(~l) “1)) H = 1, A 2 = x P^, 
772 £ |C>(0,1)1, r 2 = 3 and m = 2. Thus r]{D) < 0 by Lemma [10.31 Hence (A, —Kx) is not 
divisorially semistable. 

The case No. 22. Assume that A belongs to No. 22 in |MM 8 H Table 3]. By Lemma 19.101 
(A, —Kx) is not divisorially semistable. 

The case No. 23. Assume that A belongs to No. 23 in |MM811 Table 3]. We consider the 
case that 77 is the strict transform of the hyperplane in P^ passing through the conic which is 
the center of the blowup. Then Md/x — — /i), Ti = 1 , A 2 = V)-, MD 2 /X 2 — C>Fi(/i), 

T 2 = 2, A 3 = P^, 773 G |0(1)|, Ts = 4 and m = 3. Thus r]{D)/3 < + 772 < 0 by Lemma 

110.31 Hence (A, —Kx) is not divisorially semistable. 

The case No. 24. Assume that A belongs to No. 24 in |MM811 Table 3]. We consider 
the case that 77 is the exceptional divisor of the morphism A —)■ We- Then Md/x — 
(Ppixpi (—1, 0), Ti = 1, A 2 = P^ X P^, D 2 G |(!7(0,1)1, T 2 = 3 and m = 2. Thus ri{D) < 0 by 
Lemma [10.31 Hence (A, —Kx) is not divisorially semistable. 

The case No. 25—31. Assume that A belongs to one of No. 25-31 in |MM811 Table 
3]. Then A is toric. Then (A,—Ax) is not divisorially stable by Corollary 16.31 Moreover, 
(A, —Kx) is divisorially semistable if and only if A belongs to either No. 25 or No. 27 in 
|MM811 Table 3] by Theorem 11.21 and |Mab87j . 

Therefore we have proved Theorem 110.11 for the case p{X) = 3. 

10.3. The case p(A) = 4. We consider the case p(A) = 4. We assume that 77 is a suspicious 
divisor. 

The case No. 1. Assume that A belongs to No. 1 in [MM81|, Table 4]. Let Hi ,..., A4 be a 
divisor corresponds to the restriction of C>pixpixpixpi(l, 0 , 0 , 0 ),..., C>pixpixpixpi( 0 , 0 , 0 , 1 ), 
respectively. Let Ei,..., E4 be the exceptional divisor of cont^^,..., cont^^, respectively. 
Then Ei ~ —Hi + H2 + A3 + H4, E2 ~ Hi — H2 + A3 + A4, A3 ~ Hi + A2 — A3 + A4, 
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E/^ ~ H\ -|- H 2 ~\~ and. 

Nef(X) = R>o[i/i]+M>o[i/2]+M>o[^^3]+M>o[i/4], 

Eff(X) = R>o[Hi]+R>o[H2]+R>o[Hs] + R>o[H,] 

+ M>o[-i/i + H2 + H3 + H^] + R>o[H, -H2 + Hs + i/4] 
+ M>o[iii + ii 2 - iis + ii4] + K>o[iii + ii 2 + iis - ii4], 
-Kx ~ iii + ii 2 + iia + ii4, 

Pic(X) = Z[iii]©Z[ii2]©Z[ii3]©Z[ii4]. 


Hence D ~ iii, H 2 , or H 4 . Assume that D ^ Hi. In this case, ti = 1, X 2 = x x P^, 
D 2 G \0{1, 1,1)1, T 2 = 2 and m = 2. Thus ri{D) > 0 by Lemma 19^1 If ii ~ H 2 , iis or H 4 , 
then ri{D) > 0 in the same way. Hence (X, —Kx) is divisorially stable. 

The case No. 2. Assume that X belongs to No. 2 in |MM81[ Table 4]. Let Hi, H 2 
be a divisor corresponds to the pullback of C>pixpi(l, 0), C>pixpi(0,1), respectively. Let Ei, 
E 2 , E 3 , E^ be the exceptional divisor of cont;^, cont; 2 , cont^g, cont^g, respectively. Then 
El ~ Hi + H 2 — E^ + E^, E 2 ~ Hi + H 2 + E^ — E^ and 


Nef (X) = R>o [Hi] + R>o [ii2] + R>o [Hi + H2 + E^] + R>o [Hi + H2 + E5] 

+ R>o[iii + H2 + i ?3 + i^s], 

M(X) = R>o[iii]+R>o[ii 2 ]+M>o[.E 3 ]+R>o[^ 5 ] 

+ R>o[iii + H2 + i ?3 — E^] + R>o[iii + H2 — i ?3 + i^s], 

—Kx ~ 2Hi + 2H2 + E3 + E^, 

Pic(X) = Z[iii]©Z[ii2]©Z[E3]©Z[E5]. 


Hence D ~ Hi, H 2 , Hi + H 2 , E^, E^, Hi + E^, H 2 + E^, Hi + £’ 5 , H 2 + £ 5 , iii + £2 + £ 3 , 
£1 + £2 + £ 5 , £1 + £2 + £3 — £5 or £1 + £2 — £3 + £ 5 . Assume that D ~ £ 4 . In this case, 
Ti = 1 , X 2 is the image of the morphism associated to the extremal face spanned by R>o[/ 3 ] 
and R>o[/ 5 ], A/D 2 /X 2 is nonzero effective, T 2 = 2 and m = 2. Thus r]{D) > 0 by Lemma [9?71 If 
D ~ £ 2 , then //(£) > 0 in the same way. Assume that D ~ £1 + £ 2 . In this case, ti = 1, X 2 
is the image of the morphism associated to the extremal face spanned by 
r 2 = 2 and m = 2. Thus r]{D) > 0 by Lemma 19.71 Assume that D ~ £ 3 . In this case, 
J^D/x ^ Opixpi(-l, -1), £ = 1, XD 2 /X 2 - C’pixpi(l, 1), r 2 = 2 and m = 2. Thus r]{D) = 0 
by the same calculation in Lemma [9. 101 If £ ~ £5, then //(£) = 0 in the same way. Assume 
that D ~ £i + £ 3 . In this case, n = 1, X 2 = Ppi(C>©C>(l)®2), £2 G T 2 = 3/2 

and m = 2. Since r/i = 47/12 and r /2 = —13/48, we have 7 ]{D)/3 >0. If £ ~ £1 + £5, 
£2 + £3 or £2 + £5, then //(£) > 0 in the same way. Assume that £ ~ £1 + £2 + £3. In 
this case, £ is nef, ri = 1, X 2 is the projective cone of a quadric hypersurface in P^, T 2 = 3/2 
and m = 2. Thus ri{D) > 0 by Lemma 19.71 If £ ~ £1 + £2 + £5, then ri{D) > 0 in the 
same way. Assume that £ ~ £1 + £2 + £3 — £5, that is, £ = £ 2 . In this case, ti = 1 / 2 , 
T 2 = 1 , X 3 is the projective cone of a quadric hypersurface in P^, £3 ~ (— 2 / 3 )£x 3 , £ = 3/2 
and m = 3. Since rji = 67/16 and rj^ = —1/12, we have ri{D)/3 > 67/16 — 1/12 > 0. If 
£ ~ £1 + £2 — £3 + £5, then ri{D) > 0 in the same way. Hence (X, —Kx) is divisorially 
semistable but not divisorially stable. 

The case No. 3. Assume that X belongs to No. 3 in [MM811 Table 4]. Let £ 1 ,..., £3 be a 
divisor corresponds to the pullback of C>pixpixpi(l, 0 , 0 ),..., C>pixpixpi( 0 , 0 ,1), respectively. 
Let £i ,...,£4 be the exceptional divisor of cont/j,..., cont/^, respectively. Then £1 ~ 











30 


KENTO FUJITA 


2 H 2 + — £^ 4 , E 2 ~ 2 Hi + — £^ 4 , £^3 ~ Hi + H 2 — £/4 and 

Nef(X) = M>o[£ri]+R>o[£^ 2 ]+M>o[£r 3 ] + M>o[i£i + £r 2 + £r 3 -^ 4 ], 

Eff(X) = M>o[ifi]+M>o[£^2]+M>o[i^3]+M>o[ifi + if2-^4] 

+ R>o[2£^i + £^3 ~ -S 4 ] + R>o[ 2£^2 + — Ei\ + R>o[-E4], 

— Kx ~ 2 Hi + 2 H 2 + 2 H^ — i? 4 , 

Pic(X) = Z[i 7 i]©Z[i 72 ]©Z[i^ 3 ]©Z[^ 4 ]. 

Hence £) ~ Hi, H 2 , H^, Hi + £^ 3 , i £2 + H^, Hi + H 2 — £/4 or Hi + H 2 + £^3 — £' 4 - Assnme 
that D ~ Hi. In this case, Ti = 1, X 2 = x Fi, D 2 G |C>pixFi(l) <^1 + /i)|) T 2 = 2 and 
m = 2. Thns rjlD) > 0 by Lemma 19.71 If D ~ H 2 , then ri{D) > 0 in the same way. Assnme 
that D ~ H 3 . In this case, ti = 1, X 2 G |C^pixpixp 2 (l, 1, 2)1, D 2 G 10 x 2 ( 0 , 0,1)1, r 2 — 2 and 
m = 2. Thns ri{D) > 0 by Lemma 19.71 Assnme that H ~ i£i + H^. In this case, ti = 1, 
A 2 = P^ X P^, D 2 G |0(1,2)|, T 2 = 3/2 and m = 2. Thns //(£>) > 0 by Lemma ITTI If 
D H 2 + £^ 3 , then //(£*) > 0 in the same way. Assnme that D ^ Hi + H 2 — E^, that is, 
D = £^ 3 . In this case, Nd/x — Opixpi( —1, 0), Ti = 1, X 2 = P^ x P^ x P^, D 2 G |O(l,l,0)|, 
T 2 = 2 and m = 2 . Thns ri{D) > 0 by Lemma 110.31 Assnme that H ~ i£i + £^2 + £^3 — £^ 4 . 
In this case, D is nef, Ti = 1, X 2 = P^ x P^ x P^, D 2 G |0(1,1,1)|, r 2 = 2 and m = 2. Thns 
77 ( 11 ) > 0 by Lemma [9.71 Hence (X, —Kx) is divisorially stable. 

The case No. 4. Assnme that X belongs to No. 4 in |MM811 Table 4]. Let i£ be a 
divisor corresponds to the pnllback of Oq( 1). Let Ei,... yE^ be the exceptional divisor of 
cont/j,..., cont/g, respectively. Then E 3 ~ —2Ei + i£, 7^4 ~ — 2 E 2 + H and 

Nef(A) = R>o[i7]+R>o[-^i + £r]+K>o [-^2 + i^] 

+ R>o[—Til — E 2 + £1] + R>o[—Til — E 2 + £7 — E^], 

Eff(X) = R>o[A'i] + R>o[A' 2 ] + R>o [—2714 + -77] + R>o[~27l2 + 7£] 

+ ®>o[~-71i — E 2 + H — 7 I 5 ] + R>o[7l5], 

—Kx ~ — 2Ei — 2 E 2 + 377 — 7 I 5 , 

Pic(X) = Z[Ei]©Z[E 2 ]©Z[ 77 ]©Z[E 5 ]. 

Hence D ~ —2Ei — E 2 + 277 — 2E^, —Ei — 2 E 2 + 277 — 2E^, —Ei + 77 — E^, —E 2 + 77 — E^, 
—El — E 2 + 77 — 7 I 5 , — 2Ei — E 2 + 277 — 7 I 5 , —Ei — 2 E 2 + 277 — E^, — 37 I 4 — E 2 + 277 — E^, 
—El — 3 E 2 + 277 — 7 I 5 , —2Ei — 2 E 2 + 277 — E^, Ei, E 2 , —Ei + 77, —E 2 + 77, —2Ei + 77, 
— 2 E 2 + H, —E 1 — E 2 + H, 7 I 5 , Til + 7 I 5 or E 2 + E 5 . Assnme that D ~ — 2 E 1 — E 2 + 277 — 2E^. 
In this case, ti = 1/2, X 2 is the blownp of Q along general two points, D 2 ~ —2Ei — E 2 + 2 H, 
where Tli, E 2 are the exceptional divisors of the morphism X 2 Q, H corresponds to the 
pnllback of Oq{1), T 2 = 1, X 3 = P^, G |0(3)|, r 3 = 4/3 and m = 3. Since rji = 991/192 
and t ]3 = —1/36, we have r][D)/3 > 991/192 — 1/36 >0. If 71 ~ —Ei — 2 E 2 + 2H — 2E^, then 
77 ( 71 ) > 0 in the same way. Assnme that D ~ —71i + 77 — E^. In this case, ti = 1, X 2 = V 7 , 
D 2 ~ (—l/2)Xvv, T 2 = 2 and m = 2 . Since r]i = 13/3 and 772 = —7/12, we have 7 ]{D )/3 > 0. 
If 71 ~ —E 2 + H — E 5 , then ri{D) > 0 in the same way. Assnme that D ~ —Ei — E 2 + H — E^. 
In this case, ti = 1, X 2 is the blownp of Q along general two points, D 2 ~ —71i — E 2 + H, 
where Tli, E 2 are the exceptional divisors of the morphism X 2 Q, H corresponds to the 
pnllback of Oq{1), T 2 = 2, X 3 = Q, G |C1(1)|, T 3 = 3 and m = 3. Since 771 = 3, 772 = —5/3 
and 773 = —5/6, we have ri{D)/3 > 0. Assnme that D ~ —2Ei — E 2 + 277 — E^. In this 
case, D is nef, Ti = 1, X 2 = P^, D 2 G |C1(3)|, T 2 = 4/3 and m = 2. Thns 77 ( 71 ) > 0 by 
Lemma [9.71 If 71 ~ —71i — 2 E 2 + 277 — E^, then 77 ( 71 ) > 0 in the same way. Assnme that 
D ~ —3Ei — E 2 + 277 — 7 I 5 . In this case, Ti = 1/2, X 2 is the blownp of P^ along a line 
and a conic, T 2 = 1, X 3 = P^, 7 I 3 G |0(3)|, r 3 = 4/3 and m = 3. Since 771 = 257/48 and 
773 = —1/36, we have r]{D)/3 > 257/48 — 1/36 >0. If 71 ~ —71i — 3 E 2 + 277 — E 5 , then 
77 ( 71 ) > 0 in the same way. Assnme that D ~ —2Ei — 2 E 2 + 277 — E^. In this case, D is 
nef, Ti = 1, X 2 = Q, D 2 G |0(2)|, T 2 = 3/2 and m = 2. Thus 77 ( 71 ) > 0 by Lemma [+71 
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Assume that D ~ Ei. In this case, Afo/x — C>Fi(—cti — /i), Ui = 1, X 2 belongs to No. 30 
in |MM811 Table 3], A/D 2 /A 2 — C>Fi(cri + fi), T 2 = 2 and m = 2. Thus r]{D) = 0 by Lemma 
110.31 If D ~ i? 2 , then ri{D) = 0 in the same way. Assume that D ~ —Ei + El. In this 
case, D is nef, ti = 1, X 2 = Ppi(C>®^ © 0{1)), D 2 G |^p^|, T 2 = 3/2 and m = 2. Thus 
r]{D) > 0 by Lemma [9.71 If D ~ —E 2 + H, then r]{D) > 0 in the same way. Assume that 
D ~ —2Ei + H. In this case, ti = 1/2, X 2 is the blowup of along a line and a conic, 

T 2 = 1 , X 3 = Ppi(C>®^ © 0{1)), D 3 G l^p^l, Ts = 3/2 and m = 3. Since rji = 377/96 and 

173 = —5/24, we have r]{D)/3 > 377/96 — 5/24 >0. If D ~ — 2 E 2 + 77, then r]{D) > 0 in the 
same way. Assume that D ~ —E 1 — E 2 + H. In this case, D is nef, Ti = 1, X 2 is the blowup of 
Q along a conic, D 2 corresponds to the pullback of C>q(1), T 2 = 2 and m = 2. Thus r]{D) > 0 
by Lemma 19^1 Assume that 77 ~ i7i + E^. In this case, ti = 1, X 2 = Ppi(C>®^ © 0{1)), 

D 2 G l^p^ © ^^1, T 2 = 3/2 and m = 2. Since 771 = 4 and r ]2 = —19/48, we have 

rj{D)/3 >0. If 77 ~ 7^2 + E^, then r]{D) > 0 in the same way. Assume that 77 ~ E^. 
In this case, Md/x — C>pixpi (—1, 0), ti = 1, X 2 is the blowup of Q along a conic, D 2 is 
the exceptional divisor of the morphism X 2 —)■ Q, A//) 2 /A 2 — C>pixpi(— 1 , 2), T 2 = 2 and 
m = 2. Thus 77 ( 77 ) > 0 by Lemma [10.31 Hence (X, —Kx) is divisorially semistable but not 
divisorially stable. 

The case No. 5. Assume that X belongs to No. 5 in |MM81i Table 4]. We consider the 
case that 77 is the strict transform of the divisor in |(!7pixp2(0,1)| passing through the conic 
which is one of the center of the blowup X —)■ P^ x P^. Then Md/x — C>pixpi(—1, —1), 
Ti = 1, X 2 = P^ X P^, D 2 G |C7(0,1)1, T 2 = 3 and m = 2. Thus 77 ( 77 ) < 0 by Lemma [10.31 
Hence (X, —Kx) is not divisorially semistable. 

The case No. 6. Assume that X belongs to No. 6 in |MM81( Table 4]. Let 77i,..., 7^3 be a 
divisor corresponds to the pullback of C>pixpixpi(l, 0, 0),..., C>pixpixpi(0, 0,1), respectively. 
Let Ei,...,Ei be the exceptional divisor of cont/j,..., cont/^, respectively. Then Ei ~ 
7/2 © 7/3 — 774 , E 2 ~ Hi © 7/3 — 774 , 773 ~ Hi © H 2 — 774 and 

Nef (X) = R>o [Hi] © R>o [772] © M>o [ 773 ] © R>o [77i © 772 © 773 - E ^], 

M(X) = R>o [77i] © R>o [ 772 ] © R>o [ 773 ] © R>o [77i + H 2 - ^ 4 ] © M>o [77i + H^ - EA\ 

© R>o [772 © 773 — 774 ] © R>o [ 774 ], 

—Kx ~ 2 Hi © 2 H 2 © 2773 — 774 , 

Pic(X) = Z[77 i]©Z[772]©Z[773]©Z[E4]. 

Hence 77 ~ 77i © 7^2 - ^ 4 , 77i © 773 - ^4, 772 © 773 - ^4, 77i © 772 © 773 - ^4, 77i, 772, 773, 
Hi © H 2 , Hi © 773 , H 2 © 773 , Hi © H 2 © 773 , 774 , Hi © 774 , H 2 © 774 or H^ © 774. Assume 
that 77 ~ 77i © 772 — 774, that is, D = E 3 . In this case, Md/x — C>pixpi(—1,1), ti = 1, 

X 2 = P^ X P^ X P^, D 2 G |C>(1,1,0)1, T 2 = 2 and m = 2. Thus r]{D) > 0 by Lemma [10.31 

If 77 ~ 77i © 773 — 774 or H 2 + H 3 — 774, then r]{D) > 0 in the same way. Assume that 
77 ~ 77i © 772 © 773 — 774 . In this case, 77 is nef, ti = 1, X 2 = P^ x P^ x P^, D 2 G \0{1, 1,1)|, 
T 2 = 2 and m = 2. Thus ri{D) > 0 by Lemma 19.71 Assume that 77 ~ Hi. In this case, 
Ti = 1, X 2 = Ppixpi(0(l, 0) © (7(0,1)), D 2 corresponds to the pullback of ( 7 p 3 (l), T 2 = 2 
and m = 2. Thus ri{D) > 0 by Lemma 19.71 If 77 ~ 772 or 773 , then ri{D) > 0 in the same 
way. Assume that 77 ~ 77i © H 2 . In this case, ri = 1, X 2 = Ppi((7®^ © (7(1)), D 2 G |Cp^|, 
T 2 = 3/2 and m = 2. Thus 1 /( 77 ) > 0 by Lemma 19.71 If 77 ~ 77i © 773 or H 2 © 773 , 
then 1 /( 77 ) > 0 in the same way. Assume that 77 ~ 77i © 772 © H^. In this case, Ti = 1, 
X 2 = P^, D 2 G |(7(3)|, T 2 = 4/3 and m = 2. Thus i/(77) > 0 by Lemma I^TTl Assume that 
77 ~ 7 ^ 4 . In this case, Afoix — (7pixpi(—1, 2), ti = 1, X 2 = P^, D 2 G |(7(2)|, T 2 = 2 and 
m = 2. Thus 1 /( 77 ) > 0 by Lemma [10.31 Assume that 77 ~ 77i © 7 ^ 4 . In this case, Ti = 1/2, 
X 2 = Ppixpi(0(l, 0) ©0(0,1)), T 2 = 1, X 3 = P^, 773 G |(7(3)|, T 3 = 4/3 and m = 3. Since 
T]i = 1045/192 and r /3 = —1/36, we have r/(77)/3 > 1045/192 — 1/36 >0. If 77 ~ 772 © 7^4 or 
773 © 7^4, then r/(77) > 0 in the same way. Hence (X, —Kx) is divisorially stable. 
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The case No. 7. Assume that X belongs to No. 7 in |MM81t Table 4], Let Hi, H 2 be 

a divisor corresponds to the pullback of 0), OweiO, 1), respectively. Let Ei, ..., E 4 

be the exceptional divisor of cont/^,..., cont;^, respectively. Then E 3 ~ —Ei + H 2 , E 4 ~ 
—E 2 + H 1 and 

Nef(A:) = R>o[Hi] + M>o[i72] + + Hi] + R>o[-E 2 + H 2 I 

Eff(J^) = ]R.>o[T'i] + K.>o[T' 2] + lK.>o[~A'i + Hi] + ]R.>o[—^2 + Hi] 

+ M>o[—El + 7 ^ 2 ] + ®>o [~-£'2 + ^^ 2 ], 

—Kx ~ ~Ei — E 2 + 2Hi + 2772 , 

Pic(X) = Z[Ei]©Z[E2]©Z[Ei]©Z[i72]. 

Hence D ~ Ei, E 2 , Hi, H 2 , —Ei + Hi, —E 2 + H 2 , —Ei + H 2 , —E 2 + Hi, Ei — E 2 + Hi, 
—Ei-\-E 2 -\-H 2 , —Ei + E 2 + i7i, El — E 2 -\-H 2 , —Ei + i7i + i72, —E 2 -\-Hi-\-H 2 , — 2 Ei + i7i + 772, 
— 2 E 2 + i7i + 7^2 or —El — E 2 + Hi + H 2 . Assume that D ~ Ei. In this case, Md/x — 
Opixpi(-l,0), Ti = 1, X 2 = X Fi, D 2 e |OpixFi(0,cTi + /i)|, T 2 = 2 and m = 2. Thus 
p(E) = 0 by Lemma 110.31 If E ~ E 2 , then r]{D) = 0 in the same way. Assume that 
D ~ El. In this case, Ti = 1, X 2 = P^ x Fi, D 2 G |C>pixFi(l, cti + /i)|, T 2 = 2 and m = 2. 
Thus r]{D) > 0 by Lemma [9.71 If E ~ H 2 , then r]{D) > 0 in the same way. Assume that 
E ~ — El + El. In this case, E is nef, ri = 1, X 2 = Wq Xp 2 Fi, E 2 corresponds to the 
pullback of Owei^, 0), T 2 = 2 and m = 2. Thus r]{D) > 0 by Lemma ITTI If E ~ —E 2 + E 2 , 
then ri{D) > 0 in the same way. Assume that E ~ —Ei + E 2 , that is, E = E 3 . In this case, 
Ud/x — C>Fi(-0'i + /i), E = 1, X 2 = P^ X P^, E 2 G 10(1,1)1, r 2 = 2 and m = 2. Thus 
p(E) > 0 by Lemma [10.31 If E ~ —E 2 + Hi, then ri{D) > 0 in the same way. Assume that 
E ~ El - E 2 + El. In this case, ri = 1/2, X 2 = P^ x Fi, E 2 G |C>pixFi(l, E + 2/i)|, T 2 = 1, 
A 3 = P^ X P^, E 3 G 10(1,2)1, T 3 = 3/2 and m = 3. Since r /2 = 259/192 and 773 = —7/48, we 
have r]{D)/3 > 259/192 — 7/48 >0. If E ~ —Ei + E 2 + E 2 , then 77 (E) > 0 in the same way. 
Assume that E ~ —E 1 + E 2 + E 1 . In this case, ri = 1, A 2 = P^ xP^, E 2 G |0(O, 2)|, T 2 = 3/2 
and m = 2 . Since rji = 21/4 and 7/2 = —1/3, we have r]{D)/3 >0. If E ~ Ei — E 2 + E 2 , 
then 77 (E) > 0 in the same way. Assume that E ~ —Ei + Ei + E 2 . In this case, E is nef, 
Ti = 1, A 2 = P^ X P^, E 2 G |0(1,2)|, T 2 = 3/2 and m = 2. Thus 77 (E) > 0 by Lemma l^?71 If 
E ~ —E 2 + El + E 2 , then 77 (E) > 0 in the same way. Assume that E ~ —2Ei + Ei + E 2 . 
In this case, Ti = 1, A 2 = Wq Xp 2 Fi, T 2 = 1, A 3 = P^ x P^, E 3 G |0(1,2)|, T 3 = 3/2 
and m = 3. Since 771 = 163/32 and 773 = —7/48, we have 7 ]{D )/3 > 163/32 — 7/48 > 0. If 
E ~ — 2 E 2 + E 1 + E 2 , then 77 (E) > 0 in the same way. Assume that E ~ —Ei —E 2 + E 1 + E 2 . 
In this case, E is nef, ri = 1, A 2 = W^, D 2 ~ (—l/2)Eiyg, T 2 = 2 and m = 2. Thus 77 (E) > 0 
by Lemma [9.71 Hence (A, —Kx) is divisorially semistable but not divisorially stable. 

The case No. 8 . Assume that A belongs to No. 8 in |MM811 Table 4]. We consider the case 
that E is the strict transform of the divisor in |0pixpixpi(l, 0, 0)| passing through the center 
of the blowup A —)■ P^ x P^ x P^. Then Md/x — 0pixpi(~l; “I), © = 1, A 2 = P^ x P^ x P^, 
E 2 G 10(1, 0, 0)1, r 2 = 2 and m = 2. Thus 77 (E) < 0 by Lemma [221 Hence (A, —Kx) is not 
divisorially semistable. 

The case No. 9—12. Assume that A belongs to one of No. 9-12 in |MM811 Table 4]. Then 
A is toric. Then (A, —Kx) is not divisorially semistable by Theorem 11.21 and |Mab87] . 

The case No. 13. Assume that A belongs to No. 13 in |MM811 Table 4]. Let h, I 2 , 
^3 C A be the strict transform of a curve on P^ x P^ x P^ of tridegree (1,0,0), (0,1,0), 
(0,0,1), passing through the center of the blowup A —)■ P^ x P^ x P^, respectively. Let 
^4 C A be the strict transform of a curve on P^ x P^ x P^ of tridegree (1,1,0) which 
is contained in the divisor in | 0 pixpixpi(l 515 0 )| which contains the center of the blowup 
A —)■ P^ X P^ X P^. Let /s C A be an exceptional curve of the blowup A —)■ P^ x P^ x P^. 
Then NE(A) is spanned by the classes ofli,..., I 5 . Let Hi ,..., E 3 be a divisor corresponds to 
the pullback of 0pixpixpi(l, 0, 0),..., 0pixpixpi(O, 0,1), respectively. Let Ei, E 2 , E 3 , E 5 be 
the exceptional divisor of cont/^, cont^j, cont/ 3 , cont^g, respectively. Then Ei ~ 3 E 2 +E 3 —E 5 , 
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E 2 ~ ‘iHi + — -E 5 , -E 3 ~ Hi + H 2 — -E 5 and 

Nef(X) = R>o[i/i]+M>o[i^ 2 ]+K>o[i^ 3 ] 

+ R>o[2-f^i + H 2 + H^ — E^] + R>o[i/i + 2 H 2 + H^ — E^], 

M(X) = R>o[Hi] + R>o[i/ 2 ] + ^>o[H3] + R>o[^^i + H2- E5] 

+ ®>o[3-f^i + H 3 — E 3 ] + R>o[3if2 + H 3 — E 3 ] + R>o[-E5], 

—Kx ~ 2 Hi + 2 H 2 + 2 H 3 — E 3 , 

Pic(X) = Z[Hi]®'L[H2]®Z[H3]®'L[E3]. 

Hence D Hi, H 2 , H 3 , Hi® i/ 3 , H 2 + H 3 , iii + ii 2 — E 5 or iii + ii 2 + ii 3 — E^. Assume that 
D ~ iii. hr this case, Ti = 1, X 2 = Ppi((!i© (9(1)®^), D 2 G |^p^|, T 2 = 3/2 and m = 2. Thus 
ri{D) > 0 by Lemma 19.71 If ii ~ H 2 , then ri(D) > 0 in the same way. Assume that D r\j H 3 . 
In this case, ti = 1, A 2 is the image of the morphism cont/ 3 . If we see N^(X 2 ) as a subspace 
of N^(X), then —Kx 2 ~ 3iii + 3 H 2 + 2 H 3 — 2 E 3 and D 2 ^ Hi + H 2 + H 3 — E 5 . Moreover, 
Nef(X 2 ) is spanned by the classes of Hi, H 2 , 2Hi + H 2 + H 3 — E 3 and iii + 2 .H 2 + H 3 — E 3 . 
Since t{D) = 2 and —Kx 2 — 2/^2 G Nef(X 2 ), we have T 2 = 2 and m = 2. Since J\fD 2 /X 2 is 
nonzero effective, we have r]{D) > 0 by Lemma 19.71 Assume that ii ~ iii + H 3 . In this 
case, Ti = 1 , A 2 is the image of the contraction of the negative section of Ppi((!i © 0 ( 1 )®^), 
D 2 ~ {— 2 / 3 )Kx 2 , T 2 = 3/2 and m = 2. Thus ri{D) > 0 by Lemma I^TTl If D H 2 + H 3 , 
then ri{D) > 0 in the same way. Assume that ii ~ iii + ii 2 — E 3 , that is, D = E 3 . In this 
case, J^D/x — Opixpi(-l,-1), © = 1, X 2 = P^ x P^ x P^, D 2 G |C>(1,1,0)|, T 2 = 2 and 
m = 2. Thus r](D) > 0 by Lemma 110.31 Assume that ii ~ iii + ii 2 + iis — E 3 . In this 
case, Ti = 1, X 2 = P’^ X P^ X P^, D 2 G \0{1, 1,1)|, T 2 = 2 and m = 2. Since r]i = 41/12 and 
ri 2 = —1/2, we have r]{D)/3 > 0. Hence (X, —Kx) is divisorially stable. 

Therefore we have proved Theorem 110.11 for the case p(X) = 4. 


10.4. The case p(X) = 5. We consider the case p(X) = 5. We assume that ii is a suspicious 
divisor. 

The case No. 1. Assume that X belongs to No. 1 in |MM811 Table 5]. Let C X be 
the prime divisor such that the center on Q is a conic. In |Mat95j . Ij is a hber of the ruling 
i 77 ~ P^ X P^ —)■ P^. Let Zg C X be a hber of the other ruling ^^7 ~ P^ x P^ —)■ Ph Then 
NE(X) is spanned by the classes of Zi..., Zg (in |Mat95j . the ray R>o[Zg] is forgotten). Let H 
be a divisor corresponds to the pullback of Oq{1). Let Ei,..., E^he the exceptional divisor 
of contz^,..., contzg, respectively. Then ^4 ~ —2Ei + ii, TZs ~ — 2 E 2 + ii, Eg ~ — 2 E 3 + H 
and 


Nef(X) = R>o[ii]+R>o[-Ei + ii]+R>o[-E2 + ii]+R>o[-Ei-E2 + ii] 

+ I^>o[—-S3 + H] + R>o[—TZi — E3 + H] + R>o[—^2 — E3 + H] 

+ R>o[—i?i — E2 — E3 — Ej + H], 

Eff(X) = R>o[Ei] + R>o[E 2 ] + ®>o[-S3] + R>o[-S 7] + R>o[—2Ei + H] 

+ R>o[—2E2 + ii] + R>o[—2E3 + H] + R>o[—El — E2 — E3 — Ej + ii]. 


-K 


X 


- 2 Ei — 2E2 — 2E3 — Ej © 3 H, 


Pic ( X ) = Z [ Ei ] © Z [ E2 ] © Z [ E3 ] © Z [ E7 ] © Z [ ii ]. 

Hence D ~ Ei, E2, E3, Ej, Ei + E7, E2 + Ej, E3 + Ej, —E2 — E3 — Ej + H, —Ei — E3 — 
Ej + H, —El — E2 — Ej + H, —El — E2 — E3 — Ej + H, —E2 — E3 + H, —Ei — E3 + H, 
— El — E2®H, — El — E2 — E3® H, — El — 2E2 — 2E3 — 2 Ej® 2 H, — 2 Ei — E2 — 2E3 — 2 Ey® 2 H, 
— 2Ei — 2E2 — E3 — 2E7 © 2H, —El — 2E2 — 2E3 — Ej © 2H, — 2Ei — E2 — 2E3 — E7 © 2H, 
— 2 Ei — 2E2 — E3 — E7 © 2 H or — 2 Ei — 2E2 — 2E3 — Ej © 2 H. 

Assume that D ~ Ei . In this case , Md/x — E^¥i(—o'i — fi), © = 1 , r ( E ) = 2 , X2 is 
the image of the morphism associated to the extremal face spanned by R > o [ Z4 ] and R > o [ Zg ]. 
If we see N ^( X2 ) as a subspace of N ^( X ), then —Kx2 ~ — 4Ei — 2E2 — 2E3 © 4E and 


r\j 
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D 2 ~ —El + E-f + H. Moreover, Nef(X 2 ) is spanned by the classes of —Ei — E 2 + H, 
—El — E 3 + H and —Ei — E 2 — E^ - Ej + H. Since —Kx 2 — 2 -D 2 is nef, we have T 2 = 2 and 
m = 2 . Since rji = 9/4 and 772 = —4/3, we have ri{D)/3 >0. If D ~ £'2 or £ 3 , then ri{D) > 0 
in the same way. Assnme that D E^. In this case, Md/x — C>pixpi(—1, —1), 'Ti = 1, X 2 
is the blowup of Q along a conic, £2 is the exceptional divisor of the morphism X 2 —)• Q, 
N'd 2 /X 2 — C>pixpi(—1, 2), T 2 = 2 and m = 2. Thus r]{D) > 0 by Lemma [10.31 Assume that 
D ~ £i + £ 7 . In this case, n = 1, X 2 = Ppi(C>®2©£(!)), £2 e r 2 = 3/2 and 

m = 2 . Since rji = 19/6 and 772 = —5/24, we have ri{D)/3 >0. If £ ~ £2 + £7 or £3 + £ 7 , 
then ri{D) > 0 in the same way. Assume that £ ~ —£2 — E 3 — Ey + H. In this case, © = 1, 
A 2 is the image of the morphism associated to the extremal face spanned by R>o[/ 4 ], M>o[A] 
and M>o[/ 8 ]- If we see N^(X 2 ) as a subspace of N^(X), then —£^2 ~ —4£i — 2 E 2 — 2E^ + AE[ 
and £2 ~ —2£i — £2 — £3 + 2H. Thus £2 ~ (—l/ 2 )£x 2 - Hence T 2 = 2 and m = 2. 
Since 7/1 = 23/6 and 772 = —1/2, we have 7 ]{D )/3 >0. If £ ~ —£1 — £3 — £7 + £ or 
—E 1 —E 2 —EY+H, then ri{D) > 0 in the same way. Assume that £ ~ —£ 1 —£ 2 —£ 3 —£ 7 +^. 
In this case, © = 1, X 2 is the blowup of Q along general three points, £2 ~ —E 1 —E 2 —E 3 +H, 
where £ 1 ,..., £3 are the exceptional divisors of the morphism X 2 —t Q and H corresponds 
to the pullback of Oq{1), T 2 = 2 , X 3 = Q, £3 G |C>q(1)|, = 3 and m = 3. Since 

rji = 5/2, ri 2 = —19/12 and = —5/6, we have r]{D)/3 = 1/12 > 0. Assume that 

D - ^2 - £3 + H. In this case, £ is nef, © = 1, X 2 = Ppi(0®2 © 0(1)), £2 e 

T 2 = 3/2 and m = 2. Thus ri{D) > 0 by Lemma [9?71 If £ ~ —£1 -E^ + H or —£1 — E 2 + H, 
then r]{D) > 0 in the same way. Assume that £ ~ —£1 — £2 — £3 + £. In this case, 
Ti = 1, X 2 is the blowup of Q along a conic, £2 corresponds to the pullback of Oq(1), 
T 2 = 2 and m = 2 . Since rji = 41/12 and 772 = —5/6, we have t]{D)/3 > 0. Assume that 
D ~ —£1 — 2 E 2 — 2 E 3 — 2Ey + 2H. In this case, © = 1/2, X 2 is the blowup of Q along 
general three points, £2 ~ —£1 — 2 E 2 — 2E^ + 2H, where £ 1 ,..., £3 are the exceptional 
divisors of the morphism X 2 ^ Q and H corresponds to the pullback of Oq( 1), r 2 = 1, 
A 3 = P^, £3 G |0(3)|, T 3 = 4/3 and m = 3. Since rji = 23/4 and 7/3 = —1/36, we have 

r]{D)/3 > 23/4-1/36 > 0. If£-2 Ei-E2 -2E3-2 Ey+2 H or -2 Ei-2 E2-E3-2 Ey+2 H, 

then ri{D) > 0 in the same way. Assume that £ ~ —£1 — 2 E 2 — 2 E 3 — Ey + 2H. In this case, 
£ is nef, © = 1, A 2 = P^, £2 G |0(3)|, T 2 = 4/3 and m = 2. Thus ri{D) > 0 by Lemma lUTl 
If £ ~ —2£i — £2 — 2 E 3 — Ey + 2H or —2£i — 2 E 2 — £3 — £7 + 2£, then r][D) > 0 in the 
same way. Assume that £ ~ — 2 £i — 2 E 2 — 2 E 3 — Ey + 2 H. In this case, © = 1, A 2 = Q, 
D 2 G |Oq( 2 )|, T 2 = 3/2 and m = 2 . Since rji = b and 772 = — 1 / 12 , we have rj{D)/3 > 0. 
Hence (A, —Kx) is divisorially stable. 

The case No. 2—3. Assume that A belongs to either No. 2 or No. 3 in |MM811 Table 
5]. Then A is toric. Then {X,—Kx) is not divisorially stable by Corollary 16.31 Moreover, 
(A, —Kx) is divisorially semistable if and only if A belongs to No. 3 in |MM811 Table 5] by 
Theorem 11.21 and [Mab87] . 

Therefore we have proved Theorem llU.il for the case p{X) = 5. 


10.5. The case p{X) > 6. We consider the case p{X) > 6. In this case, A is isomorphic to 
the product of P^ and a del Pezzo surface. By [TiahU] , A admits Kahler-Einstein metrics. 
Thus (A, —Kx) is divisorially semistable by Remark 13.71 Moreover, by |Fjtl5 , Theorem 1.5] 
and Corollary 18.21 fl2nD . (A, —Kx) is not divisorially stable. 

As a consequence, we have completed the proof of Theorem IIP.II 
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